Math 4A Exam 3 Spring 2009

1. Compute / f(x,y)ds, where f(x,y) = 22 4+ y? and C is the curve given by x = 4t,y = 3t and 0 < t < 1.
c

2. Compute / F - dr, where F and C are given below.
c

(a) F(x,y) = <x2_—|:yy2’ iny2>, C is the unit circle oriented counter clockwise.

(b) F(x,y) = (zy, 3z + 2y), C is the curve y = 22 from (0,0) to (1,1).

(¢) F(z,y) = (sin(y) + y cos z,sin(z) + x cos(y)), C is any path from (g, g) to (m, ).

2 2

(d) F(z,y) = (—2y,3z) and C is the ellipse % + yz =1, oriented counter-clockwise.

1
3. Find the area of the surface parametrized by r(u,v) = <u2,uv7 2v2> ,with0<u<1,0<v <2.
4. Compute // (2% + y*)2dS, where S is the surface z = /1 — 22 — y2.
s

5. Compute // F-dS, where F(x,vy,2) = (z+cos(y), y+sin(z), 2+e®) and S is the surface bounded by 22 +4% = 1,2 = 0
S

and z = 1.

6. Let f:R3 — R be a function with continuous second order partial derivatives. Prove

curl(Vf) =0.

222+ 392 +1 2213211

6 4
7. Let S be the surface z = /9 — 22 — y2. Compute // F-ndS, where F(z,y,z) = < J x + 1>
s

and n is the outward unit normal.
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1. Compute / f(x,y)ds, where f(x,y) = y* and C is the curve given by x =3,y =t and 0 < t < 2.
c

2. Compute / F - dr, where F and C are given below.

(a) F(x,y) < T y2’ PR y2 >, C' is the unit circle oriented counter clockwise.

(b) F(z,y) = (1 — —*), C is any path from (0, 1) to (1,2).

(c) F(z,y) = («* > C is the triangle with vertices (0,0), (1,0) and (0,1), oriented counterclockwise.

(d) F(z,y,2) = <—y ,x,2%), C is the curve of intersection of the surfaces y + 2z = 2 and 2% + y? = 1, oriented

counterclockwise when viewed from above.

3. Find the area of the surface
z=u1xy

that lies inside the surface
2?2 +y? =1.
4. Compute / / xydS, where S is the surface with parametric equations * = ucos(v),y = usin(v),z = u? with
g
0<u<land0<wv<m7/2

5. Let f be a twice differentiable function of three variables. Define the Laplacian of f to be V2f = div(V f). Prove

o*f o%f  0%*f
2 —_— —_— —_—
vf_8x2+8y +8z2'

6. Evaluate // F - ndS, where F(z,y,2z) = (x,y,2) and S is the surface bounded by the three coordinate planes
s
=0,y =0,z =0 and the surface 22 4+ y? + 22 = 9.
7. Let S be the surface parametrized by 0 < u < 3, and 0 < v < 2m, r(u,v) = (ucos(v), usin(v),u). Suppose f(x,y,z)

is a twice continuously differentiable function. Compute F -ndS, where
s

F(m,y,z) = <fy7 7fm7 1>

and n is the outward unit normal.
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1

10.

Determine the area of the first quadrant region bounded by the curves y = z,y = 3z, 2y = 2 and zy = 3.

. Evaluate // (z + y)e"’cky2 dx dy, where R is the region enclosed by the lines z —y = 0,2 —y =2,z +y = 0 and
R

r+y=3.

. Compute / f(x,y)ds, where f(x,y) = xy and C is the curve given by 2 = > + 1,y =t> — 1 and 0 <t < 1.
c

-y

Compute /CF -dr, where F = <352—|—y2’ m

> and C' is the unit circle oriented clockwise.
Compute / F - dr, where F = (2z¢7Y,2y — 2%e~Y) and C is any path from (0,0) to (1,—1).
c

Compute / F - dr, where F(z,y) = (x? +y,4x — 3?) and C is the positively oriented simple closed boundary curve

of a region % that has area 23.
Find the area of the surface z = 2% — y? that lies inside the surface 22 + ¢ = 4.
Find the area of the surface parametrized by

r(u,v) = {(u+v,u—v,1+ 8u— 12v),

with0<u<1,0<v <1

Evaluate the integral / F - dr, where
c

F(x,y,2) = (x + 2y, 3y + 42,5z + 62),

where C' is the curve of intersection of 2% 4+ y? = 4 and the plane 2z + 3y — z = 4 oriented counterclockwise when
viewed from above.

Evaluate the integral / / F-ndS, where
s

F(z,y,2) = 2z +y*, 2y + 2%, 22 + 2%),

and S is the surface z2 + y2 =9 with 0 < z < 3 and n is the outward unit normal.
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1. Evaluate // (az2 +y2) dx dy, where R is the first quadrant region bounded by the curves zy = 1,2y = 3,22 —y? = 2
R

and 22 — y? = 4.

2. Compute / f(x,y)ds, where f(x,y) = 22 + y? and C is the curve given by 2 = cos(t),y = sin(¢) and 0 < ¢ < 7.
c

3. Compute / F - dr, where F and C are given below.
c

@ Fn) = (s

x2+y2’x2+y2

(b) F(z,y) = (zy, 3z + 2y), C is the curve y = 2% from (0,0) to (1,1).

>, C' is the unit circle oriented counter clockwise.

(¢) F(z,y) = (sin(y) + y cos z,sin(z) + x cos(y)), C is any path from (g, g) to (m, 7).

2 2
(d) F(z,y) = (—2y,3z) and C is the ellipse % + yz = 1, oriented counter-clockwise.

4. Calculate the area of the part of the plane 4x + 5y + z = 10 that lies in the cylinder 22 4 y? = 9.

5. Evaluate / (y* — 2y) dx 4 22y dy, where C' is the triangle with vertices (0,0), (2,0) and (2,2), oriented counterclock-
c

wise.

6. Evaluate // F -ndS, where F(x,y,z) = (2x,2y,22) and S is the surface 22 + y* + 22 = 9.
s

7. Evaluate / F - dr, where
c
F(z,y,2) = <6712 + sin(z), eV 2yz, 2% + e+ 22)
and C is the boundary of the surface z = y/1 — 22 — 2, oriented counter-clockwise.
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1.

2.

3.

10.

11.

2 2
Determine the area of the region bounded by the curves zy = 1, zy = 3, Y —1and L =4

x x
Evaluate / 22 ds where C is the unit circle.
c
Compute / F - dr, where F and C are given below.
(a) , , C'is the unit circle oriented counter clockwise.
.’Ii2 + y2 .’L'Q + y

(b) F(z,y) = (2292, 22y), C is the line segment from (0,0) to (2,3).
(¢) F(x, ) (sin(y) + 322, 2 cos(y) + 1), C is any path from (7, 0) to (0, 7).

@ ) = (12 4L

+ 93, 2+ tan~ ! (z) + 3J;y2> and C is the ellipse % + = 95 = = 1, oriented counter-clockwise.

1+ z?

Calculate the area of the part of the surface z = 2xy that lies in the cylinder 2% + y? = 4.

1
Calculate the area of the surface parametrized by r(u,v) = <u2, uw, 2v2> ,with0<u<1,0<v<2.

1 1
dS, where S is the surface z = 5302 + §y2 contained in the cylinder z2 + y? = 2014.

1
Evaluate // _—
sV +y?+1

Evaluate // F - ndS, where F(z,y, z) = (2x,2y,22) and S is the part of the surface 22 + % + 22 = 9 in the first

s
octant with unit normal pointing away from the origin..

Evaluate / (y? —2y) dx + 22y dy, where C is the triangle with vertices (0, 0), (2,0) and (2,2), oriented counterclock-
c

wise.

Evaluate // F -ndS, where F(x,y,2) = (23,43, 2% + y?) and S is the surface 2% +y?> = 9,0 < 2 < 2.
s

Evaluate / F - dr, where
c
F(z,y,2) = (ef‘/""2 + v, eV 2yz, 2 + e+ 22)
and C is the boundary of the surface z = /4 — 22 — 2, oriented counter-clockwise.

Let S be the surface parametrized by

3

r(u,v) = (2sin(u) cos(v), 2sin(w) sin(v), 2 cos(u)),0 < u < R 0<v< 2.

Evaluate / / F -ndS, where
s
F(z,y,2) = (220 — 2y, 42 — 4xy,1)

and n is the outward unit normal.
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1. Compute / F - dr, where F and C are given below.
c

(a) F(x,y) = <a:2_+yy2’ :ﬁiy2>, C is the unit circle oriented counter clockwise.
(b) F(x,y) = (4y,10z), C is the curve y = 22,0 < x < 1.
(c) F(z,y) = (2z + 2y, 2z + 6y), C is any path from (0,0) to (1, 1).

2

(d) F(z,y) = <2xtan1(y) + 8y, T3 .2 + 50:c> and C' is the boundary of the region enclosed by the curves
Y

y = x,y = 22, oriented counter-clockwise.

1
2. Evaluate — / y* ds where C is the circle of radius /5 centered at the origin.
T Jc

3. Evaluate / / 3dS, where S is the surface parametrized by
s

1
r(u,v) = <u2,uv,2v2>,0§u§ 1,0<v<1.

4. Evaluate // F - ndS, where F(z,y,2) = (y° + 23,23 + 23,23 + 3®) and S is the surface 22 + ¢y + 22 = 9.
s

5. Let S be the surface parametrized by 0 < u < 3, and 0 < v < 2w, with r(u,v) = (ucos(v),usin(v),u). Suppose
1
Q(z,y, z) is a continuously differentiable function. Compute o / / (curlF) - ndS, where n is the outward unit
mJJs
normal and F(z,y, 2) = (y, —z, Q(z, vy, 2)).
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1. Compute / F - dr, where F and C are given below.
c

(a) F(x,y) = <a:2_—|—ny’ iny2>, C' is the unit circle oriented counter clockwise.
(b) F(z,y) = (8¢ — by, =5z + 4y), C is any smooth path from (0,0) to (1, 1).

(c) F(z,y) = (2" +3y,4z +y*) and C is the boundary of the triangular region with vertices (0,0), (1,0), and
(0,2), oriented counter-clockwise.

(d) F(x,y) = (y,2x) and C is the curve parametrized by r(t) = (2cos?(t), 2 cos(t) sin(t)), 0 < t < 7.
2
(e) F(z,y,2) = §<m+y—|—2z, 2x+y+z,2+2y+z) and C is the triangle with vertices (1,0, 0), (0,1,0) and (0,0, 1),
oriented clockwise when viewed from the origin.
2x 46
2. Evaluate / _2rtby ds where C' is the curve y = 22,0 < z < 1.
c 3V1 + 422
3. Determine the surface area of the surface
z2=1/1—122—y?
that lies inside the cylinder
4a® + 4y* = 3.
1
4. Let S be the surface parametrized by r(u,v) = <u,v, > with 1 <u <2and 1<wv<3—u. Compute // F-ndS,
v
where n is the outward unit normal vector pointing away from the zy-plane, and F(z,vy, 2) = (22,42, 1).
5. Let S be the surface parametrized by 0 < v < 3, and 0 < v < 2w, with r(u,v) = (ucos(v),usin(v),u). Compute

1
// F -ndS, where n is the outward unit normal and F(z,y, z) = 1—8<x + 2,y + z,2z).
s
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1. Compute / F - dr, where F and C are given below.
c

- x
(a) F(x,y) = <x2+yy2’ M>, C is the unit circle oriented counter clockwise.

(b) F(z,y) = < x? + 1,tan_1(x)> and C is the boundary of the triangular region with vertices (0,0),(1,1), and
(1,0), oriented counter-clockwise.

(c) F(z,y) = (34 2zy,2” — 3y*) and C is the curve parametrized by r(t) = (e’ sin(¢), e’ cos(t)), 0 < t < 7.

(d) F(z,y,2) = (x +y*,y + 2%, 2 + 2%) and C is the triangle with vertices (1,0,0),(0,1,0) and (0,0, 1), oriented

counter clockwise when viewed from above.

2. Evaluate / y3 ds where C is the curve x = 3,y =¢,0 < t < 1.
c

3. Calculate the area of the part of the plane 2x + 2y — z = 2015 that lies in the cylinder 22 + y? = 4.

4. Compute // 2y dS, where S is the part of the surface z +y+ 2z = 1 in the first octant (that is, z > 0,y > 0,z > 0).
s

5. Calculate // F -ndS where F(z,y,2) = (y — 2,2 — x,2 — y) and S is the surface with equation 22 + 3% + 22 = 4

s
in the first octant (NOT including the coordinate planes) with unit normal n directed away from the origin.

6. Calculate F-ndS where F(z,y,2) = (z,y, z) and S is the closed surface having sides the coordinate planes and

S
the plane with equation

7. The Laplacian of the twice differentiable scalar function f is defined to be V2f = V- V.

o%f 0*f  O%f
2p
(a) Prove that V=f = 92 + 052 + 52
of

(b) Let s (Vf) - n denote the directional derivative of the scalar function f in the direction of the outer unit
n

normal vector n to the closed surface S that bounds the region 7. Suppose that V2f = 0 in the region T with
the closed boundary surface S. Prove that

//ngidsz///T'WFdV'



Math 4A Exam 3 Spring 2016

1. Find the area of the region R bounded by the curves zy = 1,2y = 3,y = x,y = 6z in the first quadrant.

2. Compute / F - dr, where F and C' are given below.
c

@ Pl = (2

(b) F(x,y) = (sin(z) + 3y, 5z + Tcos(y)) and C is the boundary of the ellipse 422 + 9y* = 36, oriented counter-
clockwise.

(c) F(z,y) = (1 — 22y,2y — 2*) and C is the curve parametrized by r(t) = (cos(t?),sin(t?)), 0 < t < /7.

(d) F(x,y,2) = (2,y,2) and C is the curve parametrized by r(t) = (t,t%,#3), 0 <t < 2.

>, C' is the unit circle oriented counter clockwise.

3. Evaluate / 6y ds where C is the curve x = t,y = t3,0 < t < V/11.
c

4. Calculate the area of the part of the surface z = \/4 — 22 — 3?2 that lies outside the surface z = /322 + 3y2.

5. Compute // zdS, where S is the part of the surface © +y + z = 1 in the first octant (that is, x > 0,y > 0,z > 0).
s

6. Calculate // F - ndS where F(z,y,2) = (y — 2,z — x,z — y) and S is the part of the surface with equation
s

x4y + 2z = 2016 in the first octant (NOT including the coordinate planes) with unit normal n directed away from
the origin.

7. Calculate // F - ndS where F(z,y,z) = (x — sin(y),y — sin(z),z — sin(z)) and S is the closed surface z =
S

VTR 2 = 4

o w3 (o (ZE1) o (22 ) (i () g (208))]
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1.

10.
11.

12.

13.

14.

15.

2w ™
Evaluate the double integral / / y? cos(x) sin(Ty) dy dz.
=0 Jy=0

1,1
. Evaluate the double integral / / Vi + 1dydx.
=0 Jy=+/x

Evaluate the double integral // (2% +y® + V9 — 22) dA where D = [-3,3] x [-1,1].
D

1
Evaluate the double integral / dy dx.
xr=

Vi
0/y=1 Vaz +y?

1 2—-2x 8—8x—4y
Evaluate the triple integral / / 3dzdydzx.
=0 Jy=0 z=0

Find the volume of the region bounded by the surfaces 2% 4+ y? = 1,2 = 1008 — 22 — 3y and z = 3z + 4y — 1008.
Calculate the area of the part of the surface z = /1 —y2 with0 <z <land 0 <y < 1.

Calculate the area of the part of the surface z = 22 + 32 above the disk 22 + y? < 4.

1
Evaluate the double integral / / — dA where R is the region in the first and second quadrants with —- <z <
RY

and y > V1 — 22,
Determine the volume of region inside both 22 + 32 + 22 =4 and z = /22 + y2.

///Sz2dxdydz
//nydA

where R is the region bounded by the curves xy = 1,2y = 2,y = =,y = 3z in the first quadrant.

Evaluate

where S is the sphere 2% + y% + 22 = 1.

Evaluate the double integral

Compute / f(z,y)ds, where f(x,y) = x+y and C is the curve given by x = 3e‘ + 1,y = 4’ — 1 and 0 < ¢ < In(2).
c

Compute / F - dr where F(x,y) = 2—7y27 % and C' is the unit circle oriented counter clockwise.
c Tty ety

Evaluate / ydx, where C' is the triangle with vertices (0,0), (2,0) and (2, 2), oriented clockwise.
c
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1.

10.

2
Evaluate / oy ds where C' is the curve y = 23,0 < 2z < 1.
cVIrt+1

Evaluate / F - dr where F(z,y) = <y
c

EEwE 233_2> and C' is the unit circle oriented counter clockwise.
TET Yyt Tty

Evaluate / 2y dz + x dy, where C is line segment from (0,0) to (1,5).
c

Evaluate / ydx + x dy, where C' is any smooth path from (0,0) to (4,5).
c

Evaluate / ydx + 2z dy, where C is the boundary of the ellipse 22 4+ 4y? = 16, oriented counter-clockwise.
c

Calculate the area of the surface parametrized by r(u,v) = (u?,uv, 20?), with 0 <u < 1,0 < v < 2.
Evaluate // zdS, where S is the surface z = /36 — 22 — y2.
S

2
Let S be the surface parametrized by r(u,v) = <v,u7 > with 1 <4 <2 and 0 < v < 3. Evaluate // F - -ndS,
u S

where n is the outward unit normal vector pointing towards the xy-plane, and F(z,y, z) = (27,97, 0).

Evaluate F - dr where F(z,y,2) = (x + y + 22,2z + y + 2,2 + 2y + z) and C is the triangle with vertices
C

(1,0,0),(0,1,0) and (0,0, 1), oriented clockwise when viewed from the origin.

Let S be the surface parametrized by 0 < u < 3, and 0 < v < 27, with r(u,v) = (ucos(v),usin(v),u). Compute
// F - ndS, where n is the outward unit normal and F(x,y,z) = (x + z,y + z, 22).
s
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ds where C'is the curve z = 33,0 <y < 1.

Evaluate / Bz
v o
c\Voyr+1

2. Evaluate / F - dr where F(z,y) = %, % and C' is the unit circle oriented counter clockwise.
c =ty Tty

3. Evaluate / 6y dx — 2z dy, where C is line segment from (1, 1) to (0, 0).
c

4. Evaluate / (2z 4+ y) dx + (x — 2y) dy, where C' is any smooth path from (—3,2) to (1,1).
c

5. Evaluate / (2ze? +y) dz+(x*e¥+2x) dy, where C is the boundary of the rectangle with vertices (0, 0), (—2,0), (—2,1)

c
and (0, 1), oriented counter-clockwise.

6. Calculate the area of the surface parametrized by r(u,v) = (ucos(v), usin(v),uy/3), with 0 <u < 1,0 < v < 27.

3
7. Evaluate T // 22 dS, where S is the surface z = \/4 — 22 — y2.
s

8. Evaluate // F - ndS, where F(z,y,2) = (2x,2y,2z), S is the surface 2 = x +y — 1 inside the cylinder 22 + 3% = 1,

s
and n is the unit normal directed downward.

9. Evaluate F-ndS where F(x,y, z) = (3x, —5y,4z), S is the surface of the pyramid with vertices (0, 0,0), (1,0,0),
s
(0,2,0) and (0,0,3), and n is the outward unit normal.

10. Evaluate / F - dr where F(z,y, z) = (z%,9%,6yz) and C is the triangle with vertices (3,0,0),(0,2,0) and (0,0, 1),

c
oriented counter clockwise when viewed from above.
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1.

2.

10.

Evaluate / F - dr where F(z,y) = 2_792, % and C is the unit circle oriented counter clockwise.
c ety Tty

Evaluate / 222 ds where C is the unit circle oriented counter clockwise.
c

Evaluate / ydz — xz dy, where C is the part of the circle centered at the origin in the first quadrant, from (2,0) to
c
(0,2).

Evaluate / (22 + y) dx + (x + 2y) dy, where C' is any smooth path from (2,1) to (3,1).
c

Evaluate / (221> +4y) dx+ (32%y? +52) dy, where C is the boundary of the rectangle with vertices (1,1), (3, 1), (3,4)
c

and (1,4), oriented counter-clockwise.

Determine the area of the surface parametrized by r(u,v) = (u,v,2018 — 2u — 2v), with 0 <u < 1,0 <v < 2.

Evaluate // zdS, where S is the surface z = /4 — 22 — y2.
s

. Calculate // F-ndS where F(z,y,2) = (y+2z,2+2,2+y) and S is the part of the surface with equation z+y+z =1

s
in the first octant (NOT including the coordinate planes) with unit normal n directed away from the origin.

Evaluate // F - ndS where F(z,y,2) = {(x +y,y + z,x + 2z), S is the closed surface bounded by z = /222 4 242,

s
z = 2, and n is the outward unit normal.

Evaluate F - dr where F(z,y,2) = (x +y + 22,2z + y + z,x + 2y + 2z) and C is the triangle with vertices

c
(1,0,0),(0,1,0) and (0,0, 1), oriented counterclockwise when viewed from the origin.



