About polynomial interpolation and comparison

July 23, 2021

1 Polynomial approximation of f(x)

e using a nth order polynomial to approximate a function f(z)

1.1 Taylor series at x

p(x) = f(wo) + f'(zo)(x — w0) +

1.2 Lagrange polynomial interpolation

let £;,j = 0 : n are n interpolation points, we want

then
m=§njs V), L(a) = ki (= )
) j s, i) Myt (t5 — ti)

2 Numerical experiments

2.1 approximation of f(r) = =&, = € [2,3]

||

e Taylor approximation. Let zg be the center of the interval [2, 3].

— plot 4 figures as in page 1,2 of [1] for f(z) =1/z at x = 2.5

pn(z) = % + f(2.5)(z — 2.5) + f”(22'5)(:c —25)2 + fﬂg'5) (x—25)3 4+
where . .
fla)=-—=1@25=-55
)= 55 = 1125 = oo

ie. pi(z) = %

— plot |f(z) — p,| for different n



— Measure the error at z =2 : h : 3 with A = 0.01, plot the relative error in 2 norm versus
n, where relative error in 2 norm is

E— \/fo\;l(f(zi) — pn(2))2
S f()?

(7)

e Interpolation.

— Read notes [1] page 3 - 5, especially the examples

— Write down the Lagrange interpolation formula for n = 2 and n = 3.
xn=2:po(x) = Y70 f(@)li(@) = f(zo)lo(x) + (1)l (x) + f(x2)la(x) where

(x —x1)(x — 2)

ZO(IE) - (wO — 561)(1‘0 — $2> (8)
(x — x0)(x — 2)

ll(IE) - (xl _ xO)(xl _ $2> (9)
(x —x0)(x — 1)

2(w) = (22 — 20) (22 — 1) (1)

* n =237

— write a code to plot the p,(z) to approximate f(z) = i in [2.0,3.0] and the error
for n = 2,3 with uniform interpolation points, just the same as we did for Taylor
approximation. For example, when

x*x n=2x9g=202 =255 =3.0;
x n=3,x9=2021 =20+1/3,29 =20+ 2/3,23 = 3.0.

Ln—XQ
n

x in general, x; = xog + hi,i = 0 : n where h = . In our problem, xqg = 2,x, =

3,h =1
* more general, for interpolation in a [a,b], x; = a + Z’_Tai,i =0:n
— Modify your code, to make it work for any n
— plot relative error versus n, similar to the Taylor series.
— Chebyshev (2nd kind) interpolation points
x x; = —cosb;, 0; =ih,h=m/n, i=0:n. Note that z; € [-1,1]
* we need to map the Chebyshev points in [-1,1] to an arbitrary domain [a,b]. For
example, z; € [-1,1,],t; € [a,b]
xz; +1
2

:L'Z'—(—l) _ti—a
2 b—ua

= tl-:cH—(b—a)

(11)

— Let’s consider = € [2, 3] to avoid the singularity. Map the n 4 1 Chebyshev interpolation
points from [-1,1] to [2,3]. Find the Lagrange polynomial interpolation L, (z) with 1)
Uniform points 2) Chebyshev points. Measure the error at z =2 : h : 3 with h = 0.01,
plot the relative error in 2 norm versus n. You may not see big difference for function
1/z.

— try Runge function x € [—1,1] for practice purpose.
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e Cubic spline



2.2 functions in Fig. 2 of [2]
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