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Chapter 13. Examples of Substitutions

In this chapter we give an intuitive appoach to the theory of substitutions and
substitution dynamical systems. We show how these give rise to various types of
fractals and examine certain examples such as the Thue-Morse sequence and the
Fibonacci sequence. Later in Chapters 14 and 15 we shall give a rigorous introduction
to the mathematical theory of substitutions. This requires a study of compactness in
metric spaces and certain sequence spaces.

13.1 One-dimensional substitutions and the Thue-Morse substitution

Before giving the definition, it is instructive to start with a simple example of a
(one-dimensional) substitution.

13.1.1 The Thue-Morse sequence. Originally discovered by E. Prouhet in 1851, it
was rediscovered by Axel Thue in 1912 as an example of a non-periodic sequence with
some other special properties (in his study of formal languages), and the sequence
generated by the Morse substitution was rediscovered by Marston Morse in 1917 in
his study of the dynamics of geodesics.

Consider the integers 0, 1, 2, ..., written in binary form:

0, 1, 10, 11, 100, 101, 110, 111, 1000, 1001, 1010, 1011, 1100, 1101, 1110, 1111, ....

The sequence obtained by adding the digits of these numbers (reduced modulo 2) is
called the Thue-Morse sequence. 1t is:

©v=0110100110010110 ....

If n is a positive integer, we can write n = ag + a12 + a22% + ... + a;2* for some
integer k, where a; € {0,1} and 2¥ < n < 281 Define a sequence s(n) by s(n) =
ap + a3 + ...+ ax (mod 2), the sum of the digits, reduced modulo 2, in the binary
expansion of n.

It is remarkable that this sequence may be obtained using a substitution, called the
Morse-substitution. Set

A ={0,1},

a set with 2 distinct members.

Define a map 6 : A — A x A in the following way (we shall make some abuse of
notation):
0(0) = 01
(1) = 10
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Now think of applying 6 so that it has a homomorphism type property:
6*(0) = 0(01) = 6(0)f(1) =0110,
62(0) =6(0110) = 0(0)8(1)6(1)#(0) =01101001,
6*(0)=0110100110010110,

and we continue in this way to create a one-sided infinite sequence. We refer to these
sequences of finite length as words, so if w is such a word, we denote its length by |w|
and its opposite (or reflection) by R(w) (so R(0110) = 1001)), so we see that the
Morse-sequence can be defined recursively by setting

0(0) =01, 0(1)=10 and 6"(0) = 6"(0)R(6"(0)).
Clearly |60™(0)| = 2™ is the length of the sequence at the nth stage of its construction.

Proposition 13.1.2 Let u, be the nth term in the Thue-Morse sequence. Then
Uy, = s(n).

Proof. We use induction: it is clearly true for n = 0, so suppose it is true for all
m < n. We may choose k so that 2F < n < 2F+1,

Then u, is the nth term in #*+1(0) = 6%(0)0%(1) = X, R(X}) (where X, = 0%(0)).
Thus it is the (n — 2¥)th term in R(X}). This says that

Up = (Up_or + 1) mod 2.
By the inductive hypothesis, u,,_ox = s(n — 2F).
Since 28 < n < 281 we have s(n) = s(n — 2¥) + 1 (mod 2) (for in this case we
must have a; = 1), so that
u, = (s(n —2%) + 1) mod 2 = s(n).
0]

As we let n — oo, we see that the sequence ™(0) converges to a sequence (the
Thue-Morse sequence) u=0110100110010110 ..., which has the property that
O(u) = u, i.e., u is a fixed point of the substitution map 6. Clearly there is nothing
special about the symbols 0 and 1, we can equally use a and b to obtain

u=abbabaabbaababba ....

Later we shall use the alphabet S = {L, F'} to indicate the commands for a turtle in
the plane (in the sense of turtle geometry as in the programming language LOGO,
developed by Seymour Papert in the 1980’s). The symbol F' represents a forward
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motion in the plane by one unit and L represents a counter clockwise rotation of the
turtle by the fixed angle ¢ = 7/3.

13.1.3 Some properties of the Thue-Morse sequence u:

1. w is non-periodic (not even eventually periodic). It can be defined recursively by:
wo =0, Uy =1up, and ug,+1 = R(uy),

where R(w) is the reflection of w.

2. w is recurrent: this means that every word that occurs in u occurs infinitely many
times.

3. If we write the sequence as a power series:
Fr)=04+1-2+1-2°40-2° +1-2*4+---,
then F'(x) satisfies the quadratic equation

(1+z2)F*+F = (mod 2).

1+ 22

This equation has two solutions, F' and F’, the complement of F' which satisfies

1
X

In addition,
Miso(1—2?)=(1—-2)1—-2)(1—aY ... =1l—-z—2>+2°+-- = Z(—l)“fatj.

jzo

4. Tt has been shown that if we think of u =-011010011001 ... as representing
the binary expansion of a real number, then u is transcendental (is not the solution
to any algebraic equation, so in particular it is irrational).

5. Product formulas such as

ﬁ o+ 1\ /20 +3 _@
o+ 2 m+2) 1’

n=0

have been established (where u, is the nth term in the Thue-Morse sequence). As an
example of this we prove the following result, whose elementary proof is due to J. -P.

Allouche (see [2]).
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Proposition 13.1.4 Let ¢, = (—1)", where (u,)n>0 s the Thue-Morse sequence.

Then
1"-"[ 2n4+1\" 1
Se\2n+2) V2
S (2n+ 1\ T/ 2n \©
Proof. (J. -P. Allouche) Set P = = — th
roof. ( ouche) Se g(2n+2) , Q g(2n+1) , then
PO — 11"—"[ n \" 11"—"[ 2n %ﬁ 2n + 1\
24 \n+1) 20 \2n 1) LA \2n+2 ’
(These can be seen to converge using Abel’s Theorem).
Since €3, = €, and €9,11 = —€,, we get
-1
15 on \“" (¢ (2n+ 1\ Q
PQ = - = —.
@ 2}:[1(271—{—1) <£[0(2n—|—2) ) 2P
Since Q # 0, this gives P? = 1/2, and the result follows as P is positive. O

13.1.5 The Fibonacci substitution

The Morse substitution is an example of a substitution of constant length. This
means that for each € A = {0,1}, 6(z) is always the same length. The Fibonacci
substitution is a substitution of non-constant length, also defined on A = {0,1} as
follows:

0(0) =01
6(1) = 0.
We can check that
6%(0) =010, #*(0)=01001, 6*(0)=01001010
#°(0) =0100101001001,

etc. The reason for the name is that it is easy to show (see exercises) that |6"~1(0)| =
F,,n=23,..., is the nth term in the Fibonacci sequence (where Fy = F; = 1 and
Frio = Foi1 + F,, n >0, is the Fibonacci sequence). This is because

6"2(0) = 0" (0)0™(0), n > 1.

13.1.6 Definition of a Substitution
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To understand how substitutions work, it is best to look at examples such as those
above, since the formal definition is a little more complicated. We start with a finite
set A and denote by A* the set of all words on A. This means all possible finite
strings of letters using our alphabet A. Thus if w € A*, then w = wyws ... w, for
some wy, We, . . ., w, € A and we call n the length of w and write |w| = n. Two words
w and w' are joined by concatenation, so if w = w; ... w, and W’ = w...w,,, then

/ / /
ww' = w; .. wuwy .. ow,, € A

The empty word (denoted €), is a word of zero length with the property that we =
w = ew. A substitution is then a mapping 6 from A into the set of words A* and then
extended from A* to A* by concatenation, with the homomorphism type property:

O(wy wy) = O(wy)0(wy) for any wi,wy € A",

If we take
A={0,1,2,...,d -1}, forsome d>1,
then

=0

is the set of all words of finite length (where A’ is the i-fold cartesian product and
AP contains only the empty word). If w € A", strictly speaking w = (wy,...,w,) is
an n-tuple, but we write it as w = wy ... w,, a word of length n. The substitution is
a map

: A— A

which is extended to a map 0 : AY — AY and to 0 : A* — A* by concatenation,
using the homomorphism property (A" is the set of all infinite sequences indexed by
N=1{0,1,2,...}: AN={(ap,ai,...): a; € A}, but we think of these as infinite words).
Now if #(0) begins with a 0 and |#(0)| > 1 then the sequence
u = lim 0"(0) € A"

n—oQ

satisfying 0(u) = u is called a substitution sequence for 6.
Later we shall see how substitutions give rise to dynamical systems having some of
the properties of chaotic maps.

13.2 The Toeplitz Substitution
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In this section we give another important example of a substitution. As before, set
A ={0,1} and define a substitution ¢ on A by

#(0) =11, ¢(1) =10,
so that
1—10—1011 —10111010 —1011101010111011...

The fixed point of this substitution is an example of a Toeplitz sequence (sometimes
called the 2%°-sequence). We shall call the corresponding substitution the Toeplitz
substitution. Generally, Toeplitz sequences are constructed in the following way:

U = upUiUs . . . € AV is defined using the following steps: Start with a semi-infinite
sequence of blank spaces and place a ‘1’ in the 0’th place and a ‘1’ in every other
blank space thereafter (so ug, = 1 for all n € N):

t1-1-1-1-1-1-1-1-1-1-1-1-....
Now place a ‘0’ in the first blank space and every other blank space thereafter (so
Ugnt1 = 0 for all n € N):
101 -101-101-101-101-101-....

Next place a ‘1’ in the first remaining blank space and a ‘1’ in every other remaining
blank space thereafter (so ug,+3 =1 for all n € N):

1011101 -1011101 -1011101 - ....

Continue in this way indefinitely, alternately placing 0’s in in every other blank space,
then 1’s in every other blank space. The construction can be varied with different
alphabets - this construction gives one of the simplest examples of a Toeplitz sequence:

101110101011101110111010 ...

Comparing this sequence with the fixed point of the Toeplitz substitution, we see
they are identical. In Chapter 17, we shall see a connection between the Toeplitz
sequence and the Morse sequence.

Definition 13.2.1 A point u = uguus . .. € AV is a Toeplitz sequence if for all k € N
there exists p, € Z* such that

U = Ukgnp,, for all n e N.
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The next proposition tells us that the Toeplitz sequence generated in the above way
is exactly the sequence generated by the Toeplitz substitution (the 2°°-sequence).

Proposition 13.2.2 The fized point of the Toeplitz substitution ¢ defined on A =
{0,1} by ¢(0) =11, ¢(1) = 10 is exactly the Toeplitz sequence generated above.

Proof. Define a word A, of length 2" recursively by setting Ap = 1, Ay = 0 and
then A, = A,_1A!,_| where A _| = A,,_; except they differ in the last letter. We can
show by induction that A, = ¢"(1) for n € N (see Exercise 7 below).

Thus we see that ¢"(0) and ¢"(1) are identical except that they differ in the very
last letter. Now we show using induction that ¢"(1) coincides with the first 2" terms
of the Toeplitz sequence u. ¢(1) = 10, so this is clearly true when n = 1. Suppose
that ¢"(1) coincides with the first 2" terms of u. Then we have

P"H(1) = ¢"(6(1)) = ¢"(10) = ¢"(1)¢"(0) = AL A;,.
Denote by B, the word A,, with the last letter omitted, then we must have the nth
stage of the construction of u as,

By, By B, Bn-...

where we still have a space between the different versions of the word B,,. The first
space gets filled with a 0 if n is odd and the second space with a 1, and vice-versa if
n is even. Thus u = A, A/ ..., which is what is required. U

13.3 The Rudin-Shapiro Sequence

Another famous substitution is the Rudin-Shapiro substitution. This was intro-
duced by H. S. Shapiro (1951) and W. Rudin (1959) to answer a question of R. Salem
(1950) in Harmonic Analysis. Specifically they constructed a sequence € = gge; . . .,
where €, € {—1, 1} has the property that for all integers N > 0:

- < (2+V2)VN.

€n627rm0

n=0
It was subsequently used to solve an open question in Ergodic Theory concerning

sup
0€0,1]

the nature to the spectrum of ergodic measure preserving transformations (see [49]).
These applications are beyond the scope of this text, but we will see that it has some
interesting topological and combinatorial properties.

Just as the Morse sequence gives the parity of the number of 1’s in the binary
expansion of n € N (i.e., the number of 1’s reduced modulo 2), we shall see that
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the Rudin-Shapiro sequence gives the parity of the number of words ‘1 1’ in the
binary expansion of n. More explicitly, it gives the number of (possibly overlapping)
occurences of the word 11 in the base-2 expansion of n. This can be proved using
induction and the relations eq, = &, and e9,11 = (—1)"¢,, the parity being r, = 0
when €, =1 and r, = 1 when ¢, = —1, so that ¢, = (—1)™.

Definition 13.3.1 The Rudin-Shapiro sequence € = €ge; ..., where ¢, € {—1,1} is
defined recursively by: ¢ = 1 and if n > 1 then

Eon = Ep and Eoantl = (—1)n€n.

Thus we see that if we list n, the base-2 expansion of n, r, and &, we have

n= 01 2 3 4 5 6 7 8 9 10 11 12 13
ng= 0 1 10 11 100 101 110 111 1000 1001 1010 1011 1100 1101
= 00 0 1 0 0 1 0 0 0 0 1 1 1
en= 11 1 -1 1 1 -1 1 1 1 1 -1 -1 -1

The Rudin-Shapiro Substitution 13.3.2

The Rudin-Shapiro sequence is closely related to a substitution (, called the Rudin-
Shapiro substitution, defined on the alphabet A = {0, 1,2,3} in the following way:

C(0)=02, ¢(1)=32, ((2)=01, ¢(3)=31.

If w = wouy ... = ¢*°(0) denotes the fixed point of ¢, then ¢ = 7(u), where 7 is the
map 7: A— {—1,1}, 7(0) = 1 = 7(2) and 7(1) = —1 = 7(3), extended in the usual
way. The fixed point is generated as:

0—02—-0201—-02010232—-0201023202013101...,

Exercises 13.1

1. If (u,) is the Thue-Morse sequence, prove that us, = u, and us,+1 = R(u,) for
n > 0. (Hint: It is easier to show this for the sequence s(n): If n = ag + a12 + a22* +
oA aR2F, for 28 <n < 281 then s(n) = ap+a;y ...+ a (mod 2). Now think about
what 2n and s(2n) are equal to).
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2. Denote by s3(n) the sum of the digits (modulo 3) in the ternary expansion of
n € N. What substitution on A = {0, 1,2} gives rise to the sequence s3(n)?

3. Show that for the Fibonacci substitution 6, F,, = [§"~1(0)| for each n € Z*, where
F, is the nth term in the Fibonacci sequence.

4. A substitution 6 is defined on S = {0, 1,2} by
0(0) =010, 6(1)=121, 6(2)=202.
In this case the sequence 6™(0) converges to a sequence
r=010121010121202121 ...
If (x,) is the nth term of the resulting sequence, prove that
T3p = Tpy, Tangl = T+ 1, Tpgo =24, n >0,

(addition being modulo three).

5*. Given a sequence «(n), n > 0, of complex numbers having absolute value equal
to 1, the correlation function o(n) of the sequence a(n) is defined by:

m—1

o(n) = lim iZa(n%—k‘)oz( ), n>0,

m—oo 1M,
k=0

o(—n)=oc(n), n<0,; o(0)=1.
This function was introduced by N. Wiener, the Wiener class S being those sequences

for which this limit exists. This sequence gives information about what is called the
spectrum of the sequence, and related operators (see [26] for example).

(a) Show that when this limit exists, o(n) is a positive definite sequence.

(b) If a(n) = €, = (—1)"" where u,, is the Thue-Morse sequence, show that the

correlation function o satisfies o(2n) = o(n), c(2n+1) = (e(n+ 1) — o(n))/2.
(c) If a(n) = w™ where z,, is the sequence defined in question 2 above and w = €2™/3,
show that

o(3n) = o(n): o(3n+1) = %(a(n )=o) o(3n+2) = %(a(n) —o(n+1)).
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6. A sequence A, is defined recursively as follows:

Ag=1, Ay=1, Ap=A, 1A

n—1-

where A/, is the word A,,_; except that the last letter (say a) is replaced by 1 —a =
R(a). Write down Ay and Aj and use induction to show that lim, ., A, is the
sequence obtained from the Toeplitz substitution.

7. A substitution ( is defined on A = {0,1,2,3} by

C0)=02; ¢(1)=32; ¢(2)=01; ((3)=31L

Let €, be the nth term in Rudin-Shapiro sequence. If 7: A — {—1,1} is defined by
7(0) =1 =7(2) and 7(1) = —1 = 7(3), show that 7({*>°(0)) = ¢.

13.4 Fractals Arising from Substitutions

In this section we look at the fractal nature of substitutions and study a surprising
connection between the Thue-Morse sequence and the Koch curve. In particular, we
see that if we look at the Morse substitution in the appropriate way, it gives rise to
a fractal curve: the Koch curve.

Example 13.4.1 Consider the Morse sequence written using the alphabet A = {a, b}:
f(a) =ab, 6(b) =ba.
This gives rise to the sequence
abbabaabbaababba...
Replace ab by A and ba by B, then we obtain:
ABBABAAB...,

essentially the same sequence using a different symbol, i.e., the Morse substitution
has a type of self-similarity property. Similar conclusions can be seen to hold for any
substitution of constant length.

13.4.2 A connection between the Thue-Morse sequence and the Koch curve
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Various authors have shown (independently) that there is a connection between the
Morse substitution and the Koch curve (see [17], [21], [2] and [40]). Here we present
results from the latter two papers to show how the Morse substitution can be used
to construct the Koch curve.

As usual, u = (u,) =0110100110010110 ..., is the Thue-Morse sequence, so
that up = 0,u; = 1 etc. Set

3
—

a(n) — (—1)uk627rik/3,

0

e
Il

and plot these points in the complex plane for n = 1,2,.... We start at the origin
(0,0). Since a(1) = 1 we represent this geometrically by drawing a line from (0, 0) to
(1,0). Now a(2) = 1 —€?™/3 s0 we move 1 unit down to the right, at an angle of 7/3
to the x-axis, joining a(1) to «(2) with a straight line. We continue in this way with
a3) =1 — e¥m/3 — 43 o (4) = 1 — e2™/3 — e2™/3 1 1. This gives the first step in
the construction of one-side of the Koch snow-flake. We continue in this way so that
after the 18th stage our curve looks like:

If we scale by a factor of 1/3 at each stage of the construction, then we see that we
get convergence to the Koch curve. This is proved in a formal manner as follows:

Let ¥ = {F, L} be the alphabet where F' denotes a move of one unit forward, and
L is an anticlockwise rotation through an angle ¢ = 7/3. Denote by 6 the Morse
substitution.

Definition 13.4.3 The Thue-Morse turtle programs of degree n, denoted by T M,
and T'M,, are defined to be the following words in >*:

TM, =0"(F) and TM, =0"(L),

so that
TM,=FLLFLFFLLFFLFLLF ...FLLF,

the first 2" terms of the Thue-Morse sequence using the alphabet 3.
If we interpret this sequence as a polygonal path in the plane, then when it is
plotted, we shall see that we get the nth step in the construction of the Koch curve.

13.4.4 Properties of the sequence {T'M,}
(a) TM2n+2 = TMQnTMQnTMQnTMQn and TM2n+2 = TMQnTMQnTMQnTMQn
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This implies that the even terms of {T'M,,} are palindromes, which gives the bilat-
eral symmetry of the resulting polygonal curves.
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Chapter 14. Compactness in Metric Spaces and the Metric Properties of
Substitutions

In this chapter we continue our study of substitutions but in a more rigorous
manner, in particular we develop their topological properties and we look at the
dynamical systems that they generate.

14.1 Compactness in Metric Spaces

In earlier chapters, we have kept the use of compactness to a minimum. However,
it is required when discussing properties of certain sequence spaces that arise in the
mathematical theory of substitutions. In the case of the real line, the Heine-Borel
Theorem is important, and was used in Section 4.5:

14.1.1 The Heine-Borel Theorem. Every cover of a closed interval [a,b] by a
collection of open sets, has a finite subcover.

In the case of metric spaces (X, d) we generalize this as follows:

Definition 14.1.2 A cover of X is a collection of sets whose union is X. An open
cover of X is a collection of open sets whose union is X.

Definition 14.1.3 The metric space (X, d) is said to be compact if every open cover
of X has a finite subcover, i.e., whenever X = U,c;O,, for some index set I, and
open sets O,, there is a finite subset J C I with X = Uyc;O..

The Heine-Borel theorem says that any closed interval [a, b] in R is compact. More
generally it will be shown that a subset of R™ is compact if and only if it is both
closed and bounded.

Definition 14.1.4 The metric space (X, d) is sequentially compact if every infinite
sequence (z,) in X has a limit point.

For A a finite subset of the metric space (X, d), d(x, A) is the distance between z
and the nearest point of A. For more general sets A, we set d(z, A) = inf c4 d(z,y).

Definition 14.1.5 The metric space (X, d) is totally bounded if for every ¢ > 0, X
can be covered by a finite family of open balls of radius e. If A is a finite subset of X
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with the property that d(x, A) < € for all x € X, then we call A an e-net of X. The
existence of an e-net for each € > 0 is clearly equivalent to X being totally bounded.

This leads to the following important theorem characterizing the compactness of
metric spaces.

Compactness of Metric Spaces Theorem 14.1.6 The following are equivalent
for a metric space (X,d):

(a) X is compact.

(b) If F} D Fy, O F3 O -+ is a decreasing sequence of non-empty closed sets in X,
then N2, F, is mon-empty.

(¢) X is sequentially compact.
(d) X is totally bounded and complete.

Proof. (a) = (b) Let {F,,}°2, be a decreasing sequence of non-empty closed sets in
X and suppose that N°°; F,, = (). Then X — F,, is an increasing sequence of open sets
with

Dafmzx—ﬁnzx
n=1 n=1

so that the collection of sets {X — F,, : n € N} is an open cover of X. Since X is
compact, there is a finite subcover: there is a finite index set I C N with
X-NFr=Jx-F)=X
nel nel

A contradiction since NyerFy, = Fy, # 0, where m = max(7).

(b) = (c) Let (x,) be an infinite sequence in X and let F, be the closure of the set
{Zn, Tnt1, Tnsa, ...}. This gives a decreasing sequence of non-empty closed sets, so by
(b), N2, F}, is non-empty. Let a € N, F,,, then we show that there is a subsequence
(2, ) which converges to .

Since « € F7, there exists x,, with d(«, z,,) < 1. Let n > ny, then a € F},, so there
exists ng > ny with d(«, z,,) < 1/2. Continue in this way to find x,, with ng > nx_4
and d(a, z,,) < 1/k. Clearly a = limy_, %y, , so that (c) holds.

(c) = (d) First we show that X is complete. Let (z,) be a Cauchy sequence in X,
then from above, there is a subsequence (z,,) that converges to a € X (say). Let
€ > 0, then there exists N € N such that if m,n > N we have d(z,, z,,) < €/2 and
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such that if & > N then d(«, z,, ) < €¢/2. Clearly ny > k > N, so that
dla,xy,) <d(o,xn,) + d(Tn,, Tn) < €/2+€/2 =€,

so the sequence (z,) is convergent. We have shown that every Cauchy sequence is
convergent, so X is complete.

If X is not totally bounded, then there exists ¢ > 0 for which X has no finite
covering by balls of radius €. The idea is to construct an infinite sequence of points
() in X having distance apart at least e (d(z;,z;) > € for all i # j), contradicting
the sequential compactness of X. We proceed inductively taking z; € X arbitrarily.
Suppose that z1,zs,...,2,—1 have been chosen, then the open balls B(z;), (1 <
i < n — 1), have a union which cannot be the whole space. Consequently, if z,, €
X — U B.(z;), then z,, satisfies d(z,,2;) > e for alli = 1,...n — 1. It follows by
the Principle of Induction that the required infinite sequence exists. This sequence
cannot have a limit point, for if @ € X were a limit point, say within €/2 of some x,,,,
then the distance of o from every other member of the sequence will be at least €/2
since

€ < d(Tny, Tm) < d(Xpy, @) +d(a, ) < €/2 4 d(a, T,).

This is clearly impossible for a limit point.

(d) = (a) If X is not compact, there is an open cover O = {O, : A € I} of X that
does not have a finite subcover. To get a contradiction, we first construct a convergent
sequence (z,) in X.

Using the fact that X is totally bounded, choose an e-net A; with e = 1/2. Let
r1 € Ay with the property that no finite sub-collection of {O) : A € I'} covers By 2(x1),
(z1 exists because if every ball B j5(a) of radius 1/2 with a € A; had a finite subcover
from O, then the whole space would have a finite subcover from O because A; is a
finite set).

Now choose an enet Ay with e = 1/2?2 = 1/4, and let 25 € Ay be chosen so
that Byjo(21) N Bija(w2) # 0 and with the property that no finite sub-collection of
{Ox : X € I} covers By 4(w2), (22 exists because we know that B/5(21) has no finite
subcover from O so we can apply the previous argument to By /s(x1)).

We continue in this way so that at the nth stage we choose an e-net A, with
€ = 1/2", satisfying By on-1(2,-1) N Bijan(x,) # 0 with the property that no finite
sub-cover of O is a cover of By /on(xy).

The construction ensures that

1
d($n—1>$n) S — + — <
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so that for m < n
d(fmy zn) S d($m> zm—l—l) + d($m+1> $m+2) + -+ d(££n—1> zn)

1 1 1 1

Somd Tom T T e S o

so that (x,) is a Cauchy sequence in X. The completeness of X implies that this
sequence converges to some point a € X.

Suppose that o € O, for some Ay € I. Since O,, is an open set, we can choose € > 0
so that Be(a) C O,,. Since lim, o T, = «, there exists n € N with d(z,,a) < €/2
and 1/2" < e. If v € By/on(2y), then

dz,a) <d(z,z,) + d(x,, o) <1/2" +€/2 <,

so that
Bl/gn(l’n) g Be(a) g O)\O.

This contradicts the fact that no finite sub-collection of O covers By on(2y). O

Examples 14.1.7 Any non-empty closed and bounded subset of R or R" for n > 1 is
a compact set (see the exercises). In particular, any non-empty closed interval [a, b],
the Cantor set C, the unit circle S* and the closed unit disc in R? are compact. We
shall show that the set of all one-sided sequences of 0’s and 1’s (with the metric given
previously) is a compact metrric space.

Remarks 14.1.8 1. We see that any compact metric space (X,d) is necessarily
complete. In addition, it is straightforward to show that such a space is separable,
i.e., has a countable dense subset: From the total boundedness, for each n € N there
is a finite set A,, C X, such that if z € X, then d(z, A,) < 1/n. Set A = UX A,
a countable set with the property that for each z € X, d(z, A) < d(z, A,) < 1/n, so
that z € A, i.e., A= X, so X is separable (see the exercises). O

2. We say that a subset A of the metric space X is compact if A, considered as a
metric space in its own right (we say that A is a subspace of X)) is compact. Then it
is clear that any closed subset of a metric space is compact and any compact subset
of a metric space is closed.

Exercises 14.1
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1. Let X ={0}uU{1,1/2,1/3,...}. Show directly that any open cover has a finite
subcover, so that X is a compact metric space (with the induced metric as a subset
of R). Why does this not contradict the Baire Category Theorem and corollary? -
see Appendix A for its statement).

2. Prove that a compact subset of a compact metric space is closed and that a closed
subset of a compact metric space is compact.

3. If (X, d) is a compact metric space and A is a subset of X with d(z, A) < 1/n for
all n € N, prove that = € A.

4. Prove that a subset of R™ is compact if and only if it is both closed and bounded.

14.2 Continuous Functions on Compact Metric Spaces

In Section 4.3 we studied continuous functions on metric spaces and we saw that
for such functions the inverse images of open sets are open and the inverse images of
closed sets are closed. Here we see that the images of compact sets are necessarily
compact.

Theorem 14.2.1 Let f : X — Y be a continuous map of metric spaces (X, dx) and
(Y,dy). If X is compact, so is f(X) = {f(x): 2z € X}, the image of X in Y.

Proof. Let {Oy : A € I} be an open cover of f(X), then each of the sets f~1(0,)
is open in X and X = Uyerf~1(O,). As X is compact there is a finite subcover: a
finite set J C I with X = Uxesf 1(0,). We can now check that {O, : A € J} is a
cover of f(X). O

An immediate consequence is the following result, which will be needed shortly.
It says that a continuous map on a compact metric space into R, attains both its
maximum and minimum values:
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Corollary 14.2.2 Let (X, d) be a compact metric space and f: X — R a continuous
function. Then there are points o, 3 € X such that f(a) = infyex f(z) and f(B) =

sup,cx f(x).

Proof. By Theorem 14.2.1, f(X) is a compact subset of R, so it is both closed and
bounded. In particular, if h = sup,.y f(X) and k = inf,ex f(X) then h, k € f(X),
for suppose h ¢ f(X), then we can find an open ball Bs(h), surrounding h which
does not intersect f(X). h — 0/2 would then be an upper bound for f(X) smaller
than h giving a contradiction. We deduce that h = f(3) and similarly & = f(«) for
some «, 3 € X. O

14.3 Contraction Mapping Theorem for Compact Metric Spaces

In Section 8.5 we proved a fixed point theorem for contraction mappings on com-
plete metric spaces. The requirement was that d(f(z), f(y)) < a - d(z,y) for all
x,y € X, where 0 < a < 1. Compact metric spaces are complete and we can weaken
the conditions of the contraction mapping theorem slightly in this case.

Theorem 14.3.1 Let f : X — X be a function defined on the compact metric space
(X, d) having the property that

d(f(z), fy)) <d(z,y), forall z,y€ X xz#y.
Then f has a unique fixed point in X.

We first prove a lemma:

Lemma 14.3.2 If f : X — X is continuous, then the function k : X — [0, 00),
k(x) = d(x, f(x)) is continuous.

Proof. From the triangle inequality we obtain |d(a,c) — d(c,b)| < d(a,b) for all
a,b,ce X.

Let € > 0 and fix x € X, then we find § > 0 such that if y € X with d(z,y) < §,
then

|d(, f(x)) = d(y, f(y))| <e

We may assume that for y € X with d(z,y) < 6; we have d(f(z), f(y)) < €/2 since f
1s continuous at x.

The above inequality and the usual triangle inequality gives:

|d(z, f(2)) = d(y, fy)| = ld(z, f(z)) = d(f(z),y) + d(f(x),y) = d(y, [(y))]
< ld(z, f(x)) = d(f(2),y)| + |d(f(2),y) — d(y, f(y))]
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<d(z,y) +d(f(x), f(y) <€/2+€/2 =k,
if d(z,y) < 6 = min{dy,€/2}. O

Proof of the Theorem 14.3.3 Clearly f is continuous on X, so by the lemma,
k(x) = d(x, f(x)) is a continuous function defined on a compact space. Consequently,
its range is a closed and bounded subset of R*. It follows that o = inf,cx k(z) is
attained, and there is an z¢g € X with a = k(zo).

Suppose that « > 0, then since o = d(zg, f(z9) # 0, we have f(xg) # xo. In
addition

d(f*(x0), f (o)) < d(f(x0), o) = v,

a contradiction since a = inf,cx d(z, f(x)). Therefore we must have a = d(xg, f(x0)) =
0, so f(xg) = xo, and x is a fixed point of f. As usual, if yy is another fixed point
then the inequality d(f(xo), f(yo)) < d(z0,yo) leads to a contradiction unless xg = yo.
[

14.4 Basic Topological Dynamics

In this section we develop the topological dynamics needed to study substitutions.
For more detail, see the excellent book by P. Walters [66]. The main object of study is
the (topological) dynamical system (X, T") where throughout this section we assume
that (X, d) is a compact metric space and 7' : X — X is a continuous map (often a
homeomorphism). As usual, O(z) = {T"(z) : n € N}.

Examples 14.4.1 1. Any continuous map f : I — [ on an interval I C R is a
topological dynamical system. In particular, the logistic maps, the tent maps etc.
are examples that we have studied in detail.

2. The rotation T : S' — S, T'(z) = az, where S! is the unit circle in the complex
plane and a € S' is fixed. This is closely related to the map T, : [0,1) — [0,1)
defined by T,(z) = = + a (mod 1).

3. The shift map o on a sequence space S, was seen to be continuous, and it defines
a topological dynamical system.

14.4.2 Minimality The topological dynamical system (X, T') is said to be minimal

if for every x € X, O(z) = X, i.e., the orbit closure of every point is dense in X.
This seems to be a very strong condition (recall that 7" is transitive if there exists

x € X with O(x) = X). However, we will see that there is a wide range of examples
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which are minimal. It can be seen that if T is transitive, it has to be onto (see the
exercises).

Definition 14.4.3 Let (X,T) be a topological dynamical system. A non-empty
subset A C X is said to be minimal if the restriction of T to A is a minimal map. It
can be shown that any continuous map 7" : X — X of a compact metric space has at
least one minimal set.

Theorem 14.4.4 The following are equivalent for a topological dynamical system
(X, T).

(a) (X, T) is minimal.
(b) If E C X is a closed set with T(E) C E, then E =X or E = ().
(c) If U is a non-empty open subset of X, then U2 /T "U = X.

Proof. (a) = (b) Suppose 7" is minimal and x € F where E is non-empty and closed,

then if T'(F) C E, we must have O(x) C E, so X = O(z) = E since E is closed.

(b) = (c) If U is non-empty, then £ = X — U2 (T "U # X is closed and T(E) C E,
so we must have E = ().

(¢) = (a) If € X and U is a non-empty open subset of X, then from U 7 "U = X,
T™z € U for some n > 0. It follows that O(x) is dense in X since the orbit of = enters
any open set. 0]

Propositon 14.4.5 If T : X — X is transitive and f : X — C is a continuous
function with f(Tx) = f(x) for all x € X, then f is a constant function.

Proof. If O(zg) = X, then f(T"x¢) = f(x¢) for all n € N. This says that f is
constant on a dense subset of X, so using the continuity of f, f must be constant on
X. O

Examples 14.4.6 1. Let T : S* — S! be the rotation T'(z) = az, where St is the
unit circle in the complex plane and a € S* is not a root of unity (i.e., a™ # 1 for all
n € Z*). Then T is minimal.

Proof. The set {a" : n € Z'} is an infinite sequence in S', so by the compactness of
S1. it has a limit point, say o € S!. Consequently, given € > 0 there are p > g € Z*
with d(a?,a?) < € (d is the usual metric on S!, giving the shortest distance between
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two points around the circle). Since a rotation is an isometry on S, it follows that
d(aP=9,1) = d(a?,a?) < e, and d(a™?~9 o DP=9) < ¢ for n > 1. Thus the set
{a™P=9 : n € N} is an e-net for S', and it is now clear that the set {a" : n € Z*}
is dense in S'. In particular, the sequence T™(1) = a™ is dense in S and for any
z,w € S' we can find a sequence of integers k, with a*» — wz~'. It follows that
Tk (2) = a*z — w22 = w as n — o0, so O(z) is dense in S*, and T is minimal. [J

2. Clearly T : S' — S, T'(z) = 2? is not minimal since T'(1) = 1, but it is transitive
(we saw this previously), since given any intervals U, V C S*, we must have UNT"V #
() for some n > 0, and we can apply Theorem 14.4.7 (proved below).

3. Recall from Chapter 6 that the dynamical system (Y, .S) is a factor of the dynamical
system (X, T') if there is a continuous map ¢ from X onto Y with ¢ o T = S 0 ¢.
(X, T) is called an eztension of (Y, .S) and ¢ is called a factor map. The two dynamical
systems are conjugate (with conjugacy ¢), if ¢ : X — Y is a homeomorphism. We
saw earlier that if the two maps are conjugate, then 7T is transitive if and only if S' is
transitive. In a similar way, 7" is minimal if and only if S is minimal.

For example, if T : S — S is T'(z) = az as in Example 1, and if ¢(z) = 22,
then ¢ oT = T? o ¢, so T? is a factor of T' (but they are not conjugate since ¢ is
continuous and onto, but not one-to-one). On the other hand T7'(2) = a~'z, and
if (2) = 271, then T o1 = o T~ so that T and T~ are conjugate (since 1) is
continuous, one-to-one and onto). It can be shown that every conjugacy between T
and T~ is of the form v (z) = cz! for some ¢ € S*, and so is an involution (* = 1T,
the identity map).

We saw earlier that 7" above is conjugate to the rotation Ty, : [0,1) — [0, 1) defined
by To(z) = x +a (mod 1) (via ¢ : [0,1) — ST, ¢(x) = €*™@), when a = e*™. If «
is irrational, @ won’t be a root of unity, so T, is minimal. Here is a direct proof that
T, is minimal, using the Pigeonhole Principle:

Denote by {z} the fractional part of z € R, i.e., z reduced modulo one. We show
that for any 0 < a < b < 1 there exists n € N with {na} € (a,b). Choose N € N
so large that 1/N < b — a. Divide [0,1) into N segments of length 1/N. Let m > N
and consider the set {{a}, {2a}, ..., {ma}}, all distinct since « is irrational. By the
Pigeonhole Principle, there are j and k with {ja} and {ka} belonging to the same
segment of length 1/N. Set r = j — k, then we have 0 < {ra} < 1/N. Set § = {ra},
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then the set {3,20,...,n0,...} will subdivide [0, 1) into intervals of length less than
1/N, so one of them must fall into the interval (a,b). This is the required {na}. O

4. Tt has been shown by Auslander and Yorke [4], that if f : S* — S is a continuous
minimal map, then f is conjugate to an irrational rotation.

We finish this section with a result similar to Theorem 14.4.4, but requiring only
that T be transitive. The proof requires the use of the Baire Category Theorem (see
Appendix A), which will not be proved. Recall that a nowhere dense set is one whose
closure does not contain any non-empty open sets. The equivalence of (a) and (c)
below was mentioned in Section 5.2. This result can be given in greater generality
(see [36]), but the following is sufficient for our needs:

Theorem 14.4.7 Let (X, d) be a compact metric space with T : X — X a continuous
onto map. Then the following are equivalent:

a) 1" is transitive.

)
b) If E is a closed set with T(FE) C E, E # X, then E is nowhere dense.

¢) If U and V' are non-empty open sets in X, there exists n > 1 with T"U NV #£ ().

(
(
(
(d) The set {z € X : O(x) = X} is dense in X.

Proof. (a) = (b) Suppose that O(z) is dense in X and U is a non-empty open set
with U C E. There exists m € N with T (xq) € U. It follows that {T"(z¢) : n >
m} C E, so

{1’0, Tl’(], e ,Tm_ll’(]} Ukl =2X.

Applying T to both sides gives {T'xq,...,T™xo} U E = X, and by doing this repeat-
edly, we see that £ = X.

(b) = (c) Let U and V' be non-empty and open, then U2 (T~"V is open and
E=X-JTv=X-T7V)
n=0 n=0

is closed and T'(E) C E. But E # X as V is non-empty, so contains no non-empty
open sets. It follows that U2, T~"V is dense in X so intersects U. In particular,
T™U must intersect V' for some m € N.
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(c) = (d) X is separable, so there is a countable dense set A = {z, : n € N} C X.
Enumerate the positive rationals Q* = {r, : n € N}, then the set

U=A{B,,(ty):mneN} ={U,:neN} say,

is a countable collection of open balls and any open set contains members of U. We
can check that

{xeX:%ZX}=ﬁ<OO T‘mUn>.

n=0 \m=

For each n € N, it follows as in the last proof that U;s_,T~™U,, is an open dense

subset of X, so {x € X : O(z) = X} is the countable intersection of open dense sets.

The Baire Category Theorem now implies that this intersection is dense in X, and
(d) follows.

(d) = (a) This is now clear. O

Exercises 14.4

1. (a) Prove that a transitive map is onto.

(b) If T" is an isometry (d(Tx,Ty) = d(z,y) for all x,y € X), which is transitive,
prove that T is minimal.

(c) Show that two minimal sets A and B for the topological dynamical system (X, T')
are either disjoint or equal.

2. Let f: X — X be a continuous map of the metric space (X,d). = € X is a
wandering point of f if there is an open set U containing x such that U N f*(U) = ()
for all m € Z*. A point x € X is called non-wandering if it is not wandering. The set
of non-wandering points of f is denoted by €(f). Show the following:

(a) The set of all wandering points is open. Deduce that €2(f) is a closed set which
contains all of the periodic points of f.

(b) Q(f) is an invariant set.
(c) Q(f™) C Q(f) for all n € Z™.
(d) If f is a homeomorphism, then f(2(f)) = Q(f) and Q(f~') = Q(f).
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3. Let f: X — X be a continuous map of the metric space (X,d). If z € X, then
the w-limit (omega-limit) set w(x) is defined to be

w(z) = MLe{f*(@) : k> n}.

It can be shown that if X = [0,1], then w(x) C Q(f) for all z € X. Show the
following:

(a) y € w(z) if and only if there is an increasing sequence {ny} such that f™(z) — y
as k — oo.

(b) w(x) is a closed invariant set (f(w(z)) C w(x)).

(c) If = is a periodic point of f, then w(z) = O(x). Also if x is eventually periodic
with y € O(z), then w(x) = O(y).

(e) If w(x) consists of a single point, then that point is a fixed point.

4. Let f: X — X be a continuous map of the metric space (X,d). If x € X, it is
said to be recurrent if x € w(x), i.e., x belongs to its w-limit set. Recurrent points
are a generalization of periodic points. Periodic points return to themselves, whereas
recurrent points return closely to themselves infinitely often, becoming closer as the
iteration procedure progresses. Show

(a) A periodic point is recurrent but an eventually periodic point is not recurrent.
(b) Any recurrent point = belongs to Q(f).

(c) If f:]0,1] — [0,1] is a homeomorphism, then the only recurrent points are the
periodic points.

(d) Isolated points are recurrent.

(e) w(x) C O(z) and w(x) = O(x) if and only if x is recurrent (Need X compact?).

5. Prove that if T : X — X is an isometry and w(z) # (), then x is a recurrent point
and w(x) is a minimal set.



225
Chapter 15. Substitution Dynamical Systems
15.1 Sequence Spaces

Our main purpose in studying compactness in metric spaces is to apply these
results to substitution dynamical systems. First we show that with a suitable metric,
the space of all sequences on a finite alphabet is a compact metric space. This is
often proved using the Tychonoff Theorem: Cartesian products of compact spaces are
compact. A proof of this result will take us too far afield, so we give a direct proof:

Let A ={0,1,...,s—1}, s > 2, be a finite set (the alphabet) and N = {0,1,2,3,...},
then A" is the set of all one-sided infinite sequences beginning with the index 0, so if
w e AN,

W = WoW Wowswaws - .., ()i = wj,
(Strictly speaking we should write w = (wp, w1, w, w3, ws,ws, . ..), but we often use
the above abuse of notation).

Define a metric on AY by

d(w,w') = 2~ mindneNewnzon} ¢ ) £ o/ and  d(w,w) = 0,

so that two points are close when their first few terms are equal.

Theorem 15.1.1 The space A" is a compact metric space. In particular, it is com-
plete, totally bounded and sequentially compact.

Proof. The fact that AY is a metric space is similar to the proof given in Chapter
4, and is left as an exercise. We show that A" is sequentially compact and hence is
compact.

Let w™ = (a?,al}, a3, ...) be an infinite sequence in AY, then we show that (w™") has
a limit point.

Since A is a finite set, there exists ag € A such that

Ay ={neN:af =ao}

is an infinite set. We construct a sequence (ag, a1, az, . . .) inductively as follows:

(i) We have found a,.

(ii) Suppose that for m > 0 we have found ay € A, k =0,1,...,m — 1, and infinite
sets Ag, Ay, ..., A1 contained in N satisfying

AgC A C A C--- C Ay,

and such that af =ay forall k € Ay, k=0,...,m — 1.
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We can find a set A,, and a,, € A such that
An={n€A,_1:a) =an}
is an infinite set. Then by the principle of induction, we have constructed a sequence
w = (ag,ay,as, . ..),

which we show is a limit point of our given sequence.

Let > 0 and choose n € N so large that 1/2" < §, then we need to show that
{w™:n € N} N Bs(w) contains points besides w. It suffices to show that a member of
{w™ : n € N} coincides with w in its first n 4+ 1 coordinates.

Let p € NP_yAg, then p € Ao, so al = ag, p € Ay, so af = a1, ...,p € A,, so
ab = ap, 1.e.,

p_ (D D D p
WP = (ag,ay,ay,...,ab .. .),

coincides with w in the first n + 1 coordinates, so d(w?,w) < 1/2"*! < 1/2" < § and
the result follows. O

The following result says that AY is a type of Cantor set. Recall that we defined
a subset of R to be totally disconnected if it contains no open subsets. We give a
more general version of this notion for metric spaces. A metric space X is said to be
disconnected if there exists a clopen subset of X (i.e., a set which is both open and
closed), other than X or (). In other words, there exist A and B open, with A # (),
B#0, AnNB =0 and AUB = X. If X is not disconnected, it is connected. A
subset Z of X is disconnected if there are open sets A and B that have non-empty
intersection with Z and satisfy Z C AUB and ANBNZ = (). A subset of X is
connected if it is not a disconnected subset.

For example, R with its usual metric is connected, but the rationals, the Cantor set
C' and the set of irrationals (each with the metric coming from R) are not connected.
In fact they are what we call totally disconnected.

A subset Z C X is a component of X if it is maximally connected, i.e., Z is a
connected set, and if Z C Y with Y connected, then Z =Y. It can be shown that
the components of X partition X into clopen sets.

Definition 15.1.2 The metric space (X, d) is totally disconnected if the only compo-
nents of X are singletons (i.e., sets of the form {z} for x € X).

Theorem 15.1.3 The metric space A" is totally disconnected, and every member is
a limit point.
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Proof. Let w € AY, then w is a limit point since we can construct a sequence (w") in
AN so that w” is equal to w in the first n-coordinates, but with w" # w and wW" # W™
for every m,n € N, m # n. Then it is clear that d(w",w) — 0 as n — oo.

To show that AY is totally disconnected, let Z C AN be a component containing
at least two points, say w,w’ € Z with w # w’. Suppose that wy = wy, for k =
0,1,...,n—1, but w, # /. Set

U={zec AV d(z,w) <1/2"} = {z € A" : d(z,w) < 1/27},

then U is both open and closed, w € U, ' ¢ U (see Exercises 4.4). This contradicts
Z being a connected component. O

Here is an application of results from this section to the existence of fixed points
of substitutions:

Theorem 15.1.4 Let 0 be a substitution on A ={0,1,...,s— 1}, (s > 1), extended
to be a function 0 : AN — AN, Then

(a) 0 is a continuous function.

(b) Corresponding to each a € A with |0(a)| > 1, and for which 0(a) starts with a, 0
has a unique fized point u, € AY.

Proof. We may assume that 6(0) starts with 0. Set Xy = {w € AY : (w)y = 0}, a
closed compact subspace of AN. This follows for suppose w” — w as n — oo, with
w" € Xy and (w)p # 0, then clearly d(w",w) = 1, and this is impossible.

Now d(f(w),0(w')) < d(w,w’) for all w,w’ € AN, so 6 is a continuous function.
Clearly X, is invariant under 6, so we can think of # as a continuous map on a
compact space 0 : Xg — Xy. Let w,w’ € X, and suppose that d(w,w’) = 1/2%
for some k& > 0. Then clearly d(f(w),f0(w')) < d(w,w’) since (A(w)); = (O(w")); for
1=0,1,...,kr, where r > 1.

Thus we can apply Theorem 14.3.1 to deduce that 6 has a unique fixed point in
Xo, and the result follows as we can do this for each a € A where 0(a) starts with a.
O

Examples 15.1.5 1. In the last chapter, we saw that the fixed points of substitutions
arise from iteration. If the first letter of f(a) is a and 0(a) is a word having length at
least two, then u = lim,, .« 0™(a) is a fixed point. The Thue-Morse sequence arises
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from the substitution on A = {0, 1}:

6(0)=01, 6(1)=10,
giving two fixed points in {0, 1}. These are

©u=011010011001..., and R(u)=100101100110....

2. Againlet A = {0,1} and #(0) =010, 6(1) =101, then we have two fixed points
which are both periodic sequences. This substitution is not of interest to us as it does
not give rise to non-trivial dynamical behavior. For §(0) = 101 (1) = 010, we
have no fixed points (but we do have period 2-points).

3. The Fibonacci substitution is defined on A = {0, 1} by #(0) =01, (1) = 0, and
it can be seen that # has a unique fixed point:

©v=0100101001001 ...

Exercises 15.1

1. Suppose A = {0,1,2,...,5 — 1}, s > 2, is an alphabet and AY is the set of all
sequences with values in A (AN = {w = (ap,a1,as,...) : a; € A}). Prove that if we
define a distance d on AY by

d(wl, (.Ug) = 2—min{k20:ak;ﬁbk}’ w1 7é wa, d(wl, wl) =0
where wy = (ag, a1, as, ...) and wy = (bg, by, be, .. .), then
(i) d defines a metric on AY,

(11) if d(wl,QJg) < 1/2”, then ag = bo,a1 = bl,. o, Qp1 = bn—l, and if ag = bo,a1 =
bl, e, p—1 = bn—l, then d(wl,(Ug) S 1/2”,

(iii) if o € AN, then

{we AV d(a,w) <1271 = {w e AV d(a,w) < 1/2").
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2. (i) Given ay, ag, ..., a,—1 € A, the set
[, 0, ..o ] ={we AN 1a;=a;,0<j<n—1, where w= (ag,as,as,...)},

is called a cylinder set. Prove that cylinder sets are both open and closed (called
clopen), and in fact if « € C

C={we AV dla,w) <1/2"} ={we AV : d(a,w) < 1/2"}.

(ii) Show that any clopen set is the finite union of cylinder sets.

3. Recall from Chapter 6 that the dynamical system (Y, .S) is a factor of the dynamical
system (X, T) if there is a continuous map ¢ from X onto Y with ¢ o T = S 0 ¢.
(X, T) is called an eztension of (Y, .S) and ¢ is called a factor map. The two dynamical
systems are conjugate (with conjugacy ¢), if ¢ : X — Y is a homeomorphism.

4. Suppose that v and v are two sequences taking values in finite alphabets A and
B respectively, and ¢ is the shift map. If the dynamical system (W, o) is a factor
of the dynamical system (W, o), via a factor map ¢, prove that there is a positive
integer n such that for every i, the coordinate of index i of ¢(z) depends only on
(74, ..., Tirn) (Hint: Define ¢ : O(u) — B by ¢(z) = xo, and show that ¢~![a]) is a
clopen set for every a € B).

5. The substitution # on A has constant length p if |#(a)| = p for all a € A. For
example, #(0) = 010, (1) = 121, 6(2) = 202 on {0,1,2} has constant length 3.
Show that for such a substitution, o” o f(w) = 0 o o(w), for all w € O(u), where o is
the shift map and w is a fixed point of 6.

15.2 Languages

We give some of the basic properties of sequences arising from substitutions. Much
of this material can be found in the book “Substitutions in Dynamics, Arithmetics
and Combinatorics”, by N. Pytheas Fogg [25] (see also [49]).

15.2.1 Languages and words.

Let A =1{0,1,2,...,5 — 1}, s > 2, be a finite set, called the alphabet and whose
members are the letters of the alphabet. A word or finite block of members of A is
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a finite string of letters whose length is the number of letters in the string. Denote
the set of all finite words by A*. This includes the empty word (the word having 0
length), and is denoted by e.

If w e A" with w = Wwws ... wy, w; € A then we write its length as |w| = n.
For example if A = {0,1}, then 01100 and 1110 are words of length 5 and 4
respectively.

15.2.2 The Complexity Function

Definition 15.2.3 Suppose that u = upujug ... = (Uy)nen is a one-sided infinite
sequence of letters from A, then we think of u as being a member of AY. The language
of the sequence u is the set L(u) of all finite words that appear in the sequence w.
We use L,,(u) to denote the subset of £(u) consisting of those words of length n. We
call a finite word appearing in the sequence u a factor of w.

We write p,(n) = |L£,(u)|, the number of different factors of length n. p,(n) is
called the complexity function of the sequence as it can be thought of as measuring the
“randomness” of the sequence. The greater the variety of different factors appearing,
the more complex is the sequence. For example, a sequence which is periodic has
little complexity (see [25]).

Clearly p,(n) < pu(n+1) for n € N and 1 < p,(n) < s where s is the number of
members of the alphabet.

Definition 15.2.4 The sequence u = (uy,)nen is periodic, if there exists N > 1 such
that u,, = u,,n for all n € N. The minimum such N is the period of the sequence. It
is ultimately periodic if it is periodic from some index on. If the sequence is neither
periodic, nor ultimately periodic, we say it is aperiodic.

Examples 15.2.5 It can be shown that sequence u arising from the Fibonacci sub-
stitution, #(0) =01, (1) = 0 has complexity function p,(n) =n-+1foralln € N. A
sequence having this property is said to be a Sturmian sequence. The Morse sequence
can be shown to have complexity function satisfying p,(n) < C' -n for some constant
C >0, for all n € N,

The next result tells us that sequences with bounded complexity function have to
be periodic. In particular, Sturmian sequences have the minimal complexity of all
aperiodic sequences. Also, neither the Fibonacci nor the Morse sequences is periodic
or eventually periodic. This is an early result due to Coven and Hedlund [18].
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Proposition 15.2.6 If u = (uy,)nen s periodic or ultimately periodic, then p,(n) is a
bounded sequence. If there exists n € N such that p,(n) < n, then u is an ultimately
periodic sequence.

Proof. If u is a periodic sequence with period n and |£,,(u)| = m, then | L, 11 (u)| =m
also, because a letter can be added to a member of £, (u) in only one way, and we see
that |Lx(u)| = m for all k£ > n. Similar considerations apply to ultimately periodic
sequences.

On the other hand, assume that p,(n) < n for some n € N. We may assume that
pu(1) > 2, for otherwise u is a constant sequence. Then we have

We have here an increasing sequnce of n integers, the smallest being at least 2 and the
largest less than or equal to n. By the pigeon-hole principle we must have p, (k+1) =
pu(k) for some k. If w = wo,wy ... wk—1 € Li(u), then there is at least one factor of u of
the form wa occuring in L1 (u) for some letter a € A. Since p,(k+1) = p,(k) there
can be at most one such factor. It follows that if w;w;t1 ... witr—1 and wjujpqr ... wj1p—1
are two factors of length £ in u with wuiq1 ... Wisk—1 = Ujujq1 ... Ujqpr—1, then u g =
uj4r since the additional letter can be added in only one way. Since there are only
finitely many factors of length k, we must have w41 ... Uigp—1 = UjUjt1 ... Ujip—1
for some j > 7. If we repeatedly add a letter to the right in a unique way, then delete
a letter from the left to go back to a factor of length k, we see that u;y, = u;4, for
every p > 0, and hence we have a periodic sequence. O

Exercises 15.2

1. Give an example of a sequence on A = {0, 1} having complexity function p,(n) =
2" for all n > 1.

15.3 Dynamical Systems Arising from Sequences

Our aim is to define the dynamical system arising from a substitution 6 defined on
a finite alphabet A = {0,1,...,s — 1}, s > 2, but first we look at the more general
situation of a dynamical system that arises from some arbitrary sequence u € AY.



232

Denote by o : AN — AN the shift map defined in the usual way:

o(wo,wr,wa, . ..) = (W1, wa,...) or o((Wn)neNn = (Wnt1)nen-

We have seen that the space AN with the metric d given earlier, is a compact metric
space, which is therefore complete and is also totally disconnected. Clearly the shift
map is onto, but not one-to-one on AY. Since d(o(w),o(ws)) < 2d(wy,ws) for all
wi,ws € AN, o is continuous.

Let u = uouugusz... € AY be a sequence, the orbit of u is the set O(u) =

{u,o(u),0?(u),...,0™"(u),...}. The orbit closure O(u) is a closed subset of AN and

hence it is compact as a subset of AY, so is a compact metric space in its own right.

Note that O(u) is a finite set if and only if u is a shift periodic sequence (i.e., o*(u) = u
for some k > 0).

Definition 15.3.1 The dynamical system associated with a sequence u = uguqus ... €
AYVis (O(u), 0, ), the shift map restricted to the orbit closure of u. This map is con-

tinuous (since it is continuous on AY), well defined (O(u) is an invariant set, for if

w € O(u), then w = lim, ., o*(u) for some sequence k,, so that by the continuity
of o, o(w) = lim, .o c® 1 (u) € O(u)).
Such a dynamical system is often called a sub-shift, the shift map o on AY, being

the full shift.

We can give an alternative description of the set O(u) using the language of wu,
L(u) as follows:

Proposition 15.3.2 For every sequence w € O(u), the following are equivalent:

(i) w € O(u).
(ii) there exists a sequence k, such that wow; . ..w, = Uk, Uk, +1 - - - U, +1 -

(iii) £, (w) C Ly (u) for every n € N.

Proof. Suppose that w € O(u), then for each n € N, there exists k, € N with
d(w,o*(u)) < 1/2". This implies that wow; . ..w, = Uk, U, +1 - . - U, +n, SO (ii) holds.
Conversely, if (ii) holds, then (i) follows in a similar way.

If (ii) holds then every word of length n appearing in w appears in u, so (iii) holds.
Conversely, if (iii) holds then (ii) must hold. O

Corollary 15.3.3 O(u) = {w € A" : L(w) C L(u)}.
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Proof. If w € O(u), then from Proposition 14.6.2, every word appearing in w appears
in u, so that £(w) C L(u). On the other hand, if w € AY with £(w) C L(u), then
clearly £, (w) C L,(u) for every n and the result follows by the same proposition. [J

Following we define the fundamental notion of almost periodicity for a sequence
u € AN, It will be clear that a periodic sequence is almost periodic, but the converse
is not true. Almost periodic sequences are often said to be minimal.

Definition 15.3.4 The sequence u is recurrent if every factor of u appears infinitely
often. It is uniformly recurrent or almost periodic, if every factor appears infinitely
often with bounded gaps. More precisely, if w = wow; ...wy is a factor of u, there
exists K > 0 and a sequence of integers k, with (n — 1)K <k, <nK,n=1,2,...,
such that ug, ug, 11 ... Uk, +¢0 = w.

Recall that in Chapter 13 we showed that the Morse sequence has the property
of being almost periodic. Now we are able to show that certain dynamical systems
arising from sequences have some of the properties that chaotic maps have. The
dynamical system (X, T") is transitive if there is a point xy € X having a dense orbit,
and it is minimal if every point has a dense orbit. We have:

Theorem 15.3.5 The dynamical system (O(u), o) is minimal if and only if u is an
almost periodic sequence.

Proof. Suppose that u is almost periodic, but the dynamical system is not minimal,

then there exists & € O(u) for which v ¢ O(a). If this were not the case, then
L(u) C L(«) (from the previous corollary), and since £(a) C L(u), these must be

equal, so O(u) = O(«), a contradiction.
By the last proposition, there exists j such that uous ... u; ¢ L(a). Now there is a
sequence k, for which a = lim,,_., 0" (u) and using the fact that u is almost periodic

UoU - - - Uj = Uk +5sUkp+s+1 + + - Uky+5+75
for some s and infinitely many k,. By the continuity of o, o *%(u) approaches o*(a),
SO
QsWst] ... Ospj = Uk 45Uk +s+1 - - - Uky+s+755

for all n large enough.. It follows that wou;...u; = asaeyr ... osqj, which is a con-
tradiction.

Conversely suppose that (O(u), o) is minimal and let & € O(u), so that O(«a) =
O(u). Let V' = B.(u) be some open ball containing u, where € > 0, then VNO(«) # 0.
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In particular, o*(a) € V for some k € N and so O(u) = Uy>o0 *V. This is an open

cover for O(u), so by the compactness of O(u) there is a finite subcover, say
Ow)=cM"VUusc™VuU .. .Uoc™V.

If K = max<;<, ki, iterations of o under ¢ must enter V' after at most K steps.
If @ = 07w, then one of the points o/u, ... ™54 must lie in V. If we start with

N
V=_Awe A" 1wy =ug,w1 =uy,...,wp =1us},

(the cylinder set [uguy . ..us| - see the exercises) for every j > 0, then uouy ... uy is
one of the words

Uj oo Ujpes Ujq1 o Ujperl,  UjHK - Ujrk+es

so u is almost periodic. O

Exercises 15.3

1. Show that if u is shift periodic (oP(u) = u for some p € N, where ¢ is the shift

map), then O(u) is finite. Conversely, show that if O(u) is finite, then w is shift

periodic. Can O(u) be countable?

15.4 Some Substitution Dynamics

In order for a substitution # on a finite alphabet A to give rise to non-trivial
dynamics, there are certain requirements that are often needed. These are:

1. There exists an a € A such that 6(a) begins with a (this is necessary in order for
6 to have a fixed point u).

2. limy, o0 |0"(b)| = o0 for all b € A.
3. All letters of A actually occur in the fixed point .
A related property that is often useful is the following:

Definition 15.4.1 A substitution # over A is said to be primitive if there exists k € N
such that for all a,b € A, the letter a occurs in the word o*(b).

We shall show that primitive substitutions give rise to minimal dynamical systems.
It is clear that the Morse and Fibonacci substitutions are primitive, but the Chacon
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substitution:

0(0)=0010, 6(1) =1,
is clearly not primitive and does not satisfy (2) above (nor does 0" for any n). How-
ever, the Chacon substitution can be shown to give rise to a minimal dynamical sys-
tem. Note that “non-trivial looking” substitutions such as #(0) =010, (1) =10101
on A = {0, 1}, may give rise to a periodic fixed point.

The following proposition, together with the observation that if # is a primitive
substitution, then some power 6™ will satisfy properties 1, 2 and 3 above, can be
used to show that certain substitutions have non-trivial dynamics. As usual, u is a
periodic point of the substitution @ if there is some p € N with 6”(u) = u. Note that
if u is a periodic point for the substitution 6, then the dynamical system (O(u), o) is
finite (i.e., O(u) is a finite set), if and only if u is also periodic under the shift map
0.

Proposition 15.4.2 If 6 is a primitive substitution, then any periodic point u is

an almost periodic sequence. It follows that the shift dynamical system (O(u), o) is
minimal.

Proof. Suppose that u = 0P(u) is a periodic point of the substitution 6, u = upujus . ..
say. Let k € N be chosen so that for any b € A, a appears in (67)%(b). Now

u = (07)"(u) = (07)" (uo) (0P)" (us) . ..,
where a occurs in each (67)%(u;), so a occurs infinitely often with bounded gaps. It

follows that (67)"(a) appears in v = (67)"(u) infinitely often with bounded gaps, and
hence so does every factor (word) occuring in w. O

Another consequence of u being recurrent, is that the shift map is onto.

Proposition 15.4.3 If u is a recurrent sequence, then the shift map o : O(u) — O(u)

18 onto.

Proof. Let w = wowy... € O(u), then since L(w) C L(u) and wu is recurrent,
Wow1 . . . wy, appears in u infinitely often. It follows that there exists a,, € A such that

AWt . . . Wp

appears in u. For each n € N, we can construct w™ € O(u) of the form w" =

ApWows - . . wy * % % . ... Using the compactness of O(u), the infinite sequence (W"),en

must have a limit point ' € O(u). We must have ' = aw for some a € A, for
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otherwise d(w’, w™) would be bounded below by some fixed € > 0. It is now clear that
o(aw) = w, so that o is onto. O

Exercises 15.4

1. (a) Show that if # is any substitution on A = {as,as,...,a,}, then there exists
a € Aand n € N with [#"(a)]o = a (Hint: Consider ay, [0(a1)]o, [0*(a1)lo, --- ,
[0™(a1)]o for some n > p. These cannot all be different).

(b) Deduce that if |0"(a)| — oo for all a € A, then 6 has a periodic point.

2. A substitution 6 on A is one-to-one (or injective), if (a) = 6(b), implies a = b, for
any a,b € A. For example the substitution #(0) =01, #(1) = 01 is not one-to-one on
{0,1}, but (0) =01, (1) = 1 is one-to-one. The purpose of this exercise is to show
how a substitution that is not one-to-one can be reduced to one that is, by elimating
superfluous members of the alphabet A.

Suppose 6 is not one-to-one on A. Let B C A be defined so that for all a € A
there exists a unique b € B with #(a) = 0(b). Let ¢ : A — B be the map defined by
¢(a) =bif O(a) = 6(b).

Denote by 7 the unique substitution on B satisfying

ro¢=¢o0,
(where ¢ is extended in the obvious way).

(a) Find 7 for the substitutions (i) 6(0) = 01, 6(1) = 01, #(2) = 20, (ii) 6(0) =
021, 6(1) = 12, 6(2) = 021. (Although the substitution 7 may not be one-to-one,
continuing this reduction, a one-to-one substitution is obtained in a finite number of
steps).

(b) If € is primitive, show that 7 is also primitive.

(c) If Xy = O(u), where u is a fixed point of 6, then ¢(u) is a fixed point of 7 and
the dynamical system (X, o) is a factor of the dynamical system (Xy, o) (where o is
the shift map, and where ¢ : Xy — X, is extended as before).

(d) Show that Xj is a finite set if and only if X, is a finite set.
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(e) If X is not finite, show that (X, o) and (Xj, o) are conjugate dynamical systems.
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Chapter 16, Sturmian Sequences and Irrational Rotations

Let u = woujus... be an infinite sequence. Recall that p,(n) = |L,(u)| is the
number of different factors (sub-words) of length n, and is called the complezity
function of the sequence. In this section we investigate sequences whose complexity
function satisfies p,(n) = n + 1 for all n € N. These are the aperiodic sequences
of minimal complexity. We will show that the sequence u arising as the fixed point
of the Fibonacci substitution, §(0) = 01, (1) = 0 has this property and so also do
sequences arising from a “coding” of irrational rotations.

16.1 Sturmian Sequences

Definition 16.1.1 A sequence u having the property that p,(n) = n+1for alln € N
is said to be a Sturmian sequence.

If u is a Sturmian sequence, then it has to be aperiodic (neither periodic, nor
ultimately periodic), for otherwise p,(n) would be bounded. In addition, u has to be
recurrent, for suppose the factor w = w; ... w, only occurs a finite number of times
in u = ujus. .., and does not occur after uy. Let

V=UN+1UN+2 - - -,

a new sequence whose language L£(v) does not contain w. It follows that p,(n) < n,
so that v is eventually periodic, and hence so is u, a contradiction.

Also, since p,(1) = 2, the sequence must use only two letters, so we write the
alphabet as A = {0,1}. We will assume that this is our alphabet throughout this
chapter. In addition, p,(2) = 3, so one of the pairs 00 , 11 does not appear in u (01
and 10 have to appear for otherwise the sequence would be constant).

Sturmian sequences have a long history involving Jean Bernoulli ITI, Christoffel,
A. A. Markov, M. Morse, G. Hedlund, E. Coven and many others. Our treatment is
mostly based on that in Allouche and Shallit [2], Fogg [25], Rauzy [53] and Lothaire
[39]. Our aim is to show that sequences that arise as “codings” of irrational rotations
are Sturmian, and some (but not all) Sturmian sequences can be represented as
substitutions. We mention without proof that all Sturmian sequences arise as codings
of irrational rotations. We start by showing that Sturmian sequences do exist, and
in fact the Fibonacci sequence is Sturmian.

Definition 16.1.2 A right special factor of u is a factor w that appears in u such
that w0 and w1 also appear in u. Left special factors are defined in a similar way.
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Proposition 16.1.3 Let A = {0,1} and u € AY. The sequence u is Sturmian if and
only if it has exactly one right special factor of each length.

Proof. If v is Sturmian and wy, ws, ... w,11 are the factors of length n, then all but
one of them can be extended in a unique way to form a factor of length n + 1, and
exactly one must be extendable in two ways.

Conversely, given a factor w of length n, since it appears in u, either w0 or w1
appears in u. Clearly, since p,(n) = n + 1, exactly one such factor w can have both
0 and 1 as a suffix to form a factor of length n + 1. O

Example 16.1.4 The Fibonacci substitution is defined on A = {0, 1} by 6(0) =01,
0(1) = 0, and we have seen that € has a unique fixed point:

v=0100101001001 ....
The sequence u is a Sturmian, i.e, p,(n) =n+ 1 for all n > 0.

Proof. We will show that for each n there is exactly one right special factor of length
n.

Recall that € is the empty word. Now u = #(u) is a concatentation of the words 0
and 01, so that the word 11 does not appear as a factor of u, so p,(2) = 3, and we
have

,C(](u) = {6}7 'Cl(u) = {07 1}7 £2(u) = {007017 10}
We now show that
L3(u)={001,010,100,101}.

Since 11 cannot appear in u, the words 011, 110 and 111 do not appear. The
factor 00 can only result from 6(1)0(0) = 6(10), then 000 would have to result from
0(1)0(1)0(0) = 0(110), and this is impossible as 11 does not appear.

Now note that for all factors w of u, either 0w 0 or 1w 1 is not a factor of u. This
is clear if w = €, the empty word, and also if w = 0, or w = 1. We use induction on
the length to prove this generally.

Consequently, assume that both 0w 0 and 1w 1 are factors of u. It follows that w
must start and end with a 0 since 11 cannot appear: w = 0y 0 for some factor y, so
that 00y 00 and 10y 01 are factors of u (one can continue this analysis to see that
y cannot start or end with a “0”). Since these are factors of 6(u), and examining the
possibilities, we see that there exists a factor z of u with 6(z) = 0y.
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In a similar way, #(121) =00y 0and (020) =010y 01, sothat 1 21 and 020 are
both factors of u. Since the length of z is less than the length of w, this contradicts
our assumption that there can be at most ones factor of this type having a lesser
length.

We can now see that u has at most one right special factor of each length, for
suppose that w and v are right special factors of the same length. Let x be the
longest sub-word of both w and v (possibly x = €), with w = zz, v = yz for some
words y and z. Then the words 020, 0x 1, 120 and 1z 1 are all factors of u (because
the last letters of y and z must be different), and this contradicts the last observation.

Finally we show that there is at least one right special factor of each length. Set
fn=0"(0),s0 fo =0, and let f_; = 1, then we use the identity

fn+2 == 'Un.fnfntn> n 2 27

where v, = €, and for n > 3

01, ifnisodd
Up = fn—3"'f1f07 and tn = { 10, otherwise

Y

(where @ denotes the reflection of the word w, so if w = aga;...a,, then W =
AnGp_1 - ..a1). This equation can be proved by induction (see the Exercises).

Now we see that the word f, appears in two different places and since the first
letter of f, is different to the first letter of t,, f, is a right special factor (it is easy
to see that the last letter of f,, alternates - 0 when n is even, 1 when n is odd). Now
any word of the form w/, is clearly also a right special factor of u, so there are right
special factors of any length, and the result follows. O

16.2 Sequences Arising From Irrational Rotations

If x € R, we denote the integer part of x by |z] and its fractional part by {z}, so
that |z] = max{n € Z : n < z} (the floor function), and {z} = x — [z]. With this
notation, if 0 < a < 1, the rotation 7, : [0,1) — [0,1) is defined by T,z = {z + a}.
We can give an explicit description of T, as:

Jr+a; ifrxel0,1—a)
Ta(i)_{ r+a—1; ifre[l—-a,l)



241

Insert: Graph of T,

Now define a sequence fo = fo(1)fa(2)...in {0,1}2" by

1, if{nate[l—a,l)
Ja(n) = { 0, otherwise ’

(in this section it is more convenient to start our sequences at n = 1).

The sequence f, is obtained from following the orbit {77(0) : n > 1} of 0 under
the rotation T,, giving the value 1 if the orbit falls into the interval [1 — a, 1) and
0 otherwise. Our aim is to show that such sequences are Sturmian, and in some
cases may be represented by a substitution (see Allouche and Shallit [2]). Brown [13],
gives a characterization of sequences f,, « irrational, which can be represented as
substitutions, when « is the root of a quadratic equation over the rationals.

We first remark that for arbitrary a > 0
fa(n) = [(n+1)a] — |na] - |a],

so that f,.1 = fo. Consequently, without loss of generality we may assume that
0 < a < 1, and in this case

fa(n) = [(n +1)a] = [na].

Example 16.2.1 Let o = (v/5 — 1)/2 = -61803.... ., then we will show that
£,=1011010110...,

which is just the Fibonacci sequence v = 0100101001..., with 0 and 1 inter-
changed. Thus f, is a fixed point of the substitution #(0) = 1, (1) = 10.

Proposition 16.2.2 (a) Forn >1 and 0 < a < 1,

(b) If « is irrational, then fi_o = R(fo) (where R(0) =1, R(1) =0).

(c) Set go = ga(1)ga(2) ..., where

ga(n) = { 1, if n = |ka] for some integer k

0, otherwise ’
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then if a > 1 is wrrational, go = f1/a-

Proof. (a) The series is telescoping since

Zfa(n) = ([2a] = la]) + ([3a] = [2a]) +--- ([(n + Da] = [na]) = [(n + D)a].

(b) fica(n) =|[(n+ 1)1 —a)] — [n(1 —a)] = |—-(n+ 1)a] — |—na] + 1, so that
fa(n) + fra(n) = 2] + [=2] = [y] = [-y) + 1

where © = (n + 1)a and y = na. Now it is easy to see that |x] + |—x] = —1if z is
not an integer (otherwise it is 0), so fo(n) + fi—a(n) = 1, and the result follows.

(c)
ga(n) =1 <= Jk suchthat n= ko]
<= dJk suchthat n<ka<n+1

1
e Ik suchthat ~<k< T
[0 [0
1
&= Ik such that H:k—1 and {”* J:k:
[0 [0

« «

= VJrlJ — PJ =1 <= fija(n) =1
U

Given an alphabet A, if a € A and n € N, we write " = aa...a, the word of

0

length n consisting of a repeated n times (a” = €, the empty word).

Definition 16.2.3 Let £ > 1 and denote by 6, the substitution defined on A = {0,1}
by
0,(0) = 0"11 6,(1) =0""10.

When k£ = 1 the substitution is 6;(0) = 1, #;(1) = 10, essentially the Fibonacci
substitution. When k = 2 we have 65(0) =01, 62(1) =010.

Definition 16.2.4: Continued Fractions It is usual to denote the continued frac-

tion |
ap+1/(ar +1/(ag +---)) = ap + ———,
ar +
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by [ag, a1, az,...|, where ag, ay, ... are positive integers. By o = [0, a1, az, .-, @y, we
mean that the sequence aq,as, ..., a, is repeated periodically. For example, if
1 1
a=1[0,1,1,...]

1 + T 1 + «
then « is a root of the equation o + a — 1 = 0, and it can be seen that o = \/52_1.
Similarly, if 3 = [0,1,2] = 1/(141/(2 + 3)), then 3 = /3 — 1. These are examples
of quadratic irrationals.

Given two substitutions of the form 6y, 6,, we can compose them in the usual way
to form a new substitution 6, o #,. Using this we show that sequence f, arises as the
fixed points of a substitution when « is a certain type of quadratic irrational.

Theorem 16.2.5 Let o be irrational with o = [0,@r, Gz, .-, an). Then f, is a fived
point of the substitution

0u, 004,0---00,,.
In particular, if o« = (vV/5—1)/2, then f, is a fived point of the substitution 6(0) = 1,
f(1) = 10.

In order to prove this theorem, we need a lemma, a special case of which tells us
that if a = (V5 —1)/2, then 61(fa) = fi/(14+a) = fa (since a = 1/(1 + a)), so that fo
is a fixed point of the Fibonacci substitution:

Lemma 16.2.6 Let k > 1 and o € (0,1) be irrational. Then

0r(fo) = Gkta = f1/(kta)

Proof. We have f, = foa(1)fa(2)... fa(j) ..., where fo(7) = [+ Do —|ja], j > 1.
It follows that the sequence 0y (f,) is a sequence of 0’s and 1’s with

0(fa) = DiDs ... DyDyys . ..,
where D; = 0(fa(j)), for j > 1.

Because of the way the substitution 6 is defined, each block D; contains exactly
one “17, in the kth position. The length of D;, |D,| is either k or k + 1.
Suppose that the (¢ + 1)st “1” appears in position n, then 1 appears in the block
D11, so that
n=|D1Dy...D,| + k.
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Since
|Dj| =k if fa(]) =0 and |DJ| =k+1 if fa(]) =1,
(by definition of 6y), it follows that
|D1D2 . -Dq| = qk: + fa(l) + fa(2) +eoet fa(q) = qk: + |.(q + 1)QJ>

(using Proposition 16.2.2 (a)).

This says that if n is the position of the (¢ + 1)st “1” in the sequence 0x(f,), then

n=qgk+ |(¢g+ o] +k=[(¢+1)(k+a)

This shows that

O(fa)(n) =1 <= n=|[(¢g+1)(k+a)|, forsome >0 <= gria(n)=1.
We have therefore shown that 0;(f,) = gk+a and Proposition 16.2.2 (c) gives Ox(fo) =
Gk4+a = .fl/(k—l—a)- ]
Proof of Theorem 16.2.5 From the lemma we have

a, (fo) = fi/(anta) = Jio.an+a)s
eanﬂ © ean(fa) = eanﬂ(fl/(an—l-a)) = f

and continuing in this way

eal o 9(12 O0---0 eam(fa) = f6>

where 3 = [0, a1, a9, ...,anm + o] = a. O

1 — e
a1 ¥/ (anta) fl/(an,l—l—[O,an—l—a]) f[ovanflﬂn‘i’a]’

16.3 Cutting Sequences

There is a geometric interpretation of the sequence f,. Let > 0 be irrational,
then the line £ : y = Pz in the zy-plane passes through the origin and has slope
(. Subdivide the first quadrant in the plane into squares using the grid-lines x = n,
y=mforn,m=0,1,2,.... Since ( is irrational, the line £ cannot intersect any point
of the form (m,n) for m,n € N, for otherwise we would have § = n/m, a rational.
We examine what happens when the line £ intersects the grid-lines. Consider a point
on the line £ moving away from the origin and traveling upwards in the positive
a-direction. Define an infinite sequence Sg = S3(0)S5(1)S5(2) ... by

Si(n) = 0 if £ intersects a vertical grid-line,
PUY =9 1 if £ intersects a horizontal grid-line. ’

where S5(0) = 0 since the line starts at the origin.
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Definition 16.3.1 The sequence Ss is called a cutting sequence for (3.

We will now show that these sequences are of the form f, for some «, and as we
mentioned previously, the sequences f, will be shown to be Sturmian. In fact, all
Sturmian sequences arise from an f, for some irrational 0 < a < 1. Since reflection
in y = z interchanges the lines y = fz and y = (1/8)z and also interchanges the
horizontal and vertical grid-lines, it can be seen that

R(Sﬁ) = 51/57 ﬁ >0

where R is the usual reflection. Consequently, if 3 > 1, we can obtain the sequence
Sg from that of S; /3, so we may assume 0 < 3 < 1 without any loss of generality. In
this case the sequence 11 cannot occur.

The connection between f, and Sz is given by the next theorem due to Crisp,
Moran, Pollington and Shiue [19], who also completely characterized those a’s for
which f, is a substitution sequence:

First, we ask the question: given a sequence f,, what does the corresponding
sequence S, look like? Suppose for example that f, =01001010... (the Fibonacci
sequence). This sequence has the property that when f,(n) = 0, we have |(n+1)a] =
|na, so that consecutive 0’s appear in the sequence S,.

If fo(n) =1, then [(n+ 1)a] > |naJ, and we see that if

fa=01001010..., then S,=00100010010...,
which can be written as
Se = h(fs), where h(0)=0,h(1) =01,

(the extra “0” at the start of S, comes from the fact that the sequence starts at the
origin). This leads to:

Theorem 16.3.2 Let 0 < o < 1 be irrational. Then
So = fa_.

14+«

Proof. Consider the segment of the line £ from P, to P,i;, where P, = (n,n«)
(where we include the point P,q, but exclude P,). The block in S, corresponding
to P,P,41 is 10 where

i=(n+1)al - [na] = fu(n).
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This block is 0 if f,(n) = 0 and 10 if fo(n) = 1. If A’(0) = 0,A'(1) = 10, then
R (f.) = S gives the cutting sequence of y = ax except for the block due to the
line segment Ly. The missing block is 0 and applying instead the substitution h:
h(0) =0, h(1) = 01 gives entire cutting sequence, i.e., h(f,) = S4.

Also, recall that 6;(0) = 1 and 6,(1) = 10, then clearly h = R o6, where R(0) =1
and R(1) =0, so that

So = h(fa) =Ro el(fa) = R(fL%

14+«

(using Lemma 16.2.6.). This implies
SL:R(SQ):fﬁ, or Sp=fa.

14+«

O

Billiards in a Square 16.3.3 Imagine shooting a ball from the origin at an irrational
slope o > 0 inside the unit square [0, 1] x [0, 1]. We assume we have the usual elastic
reflection when the ball strikes the sides of the square (angle of incidence equals the
angle of reflection). If we write down 0 when the ball strikes a vertical side and 1
when it strikes a horizontal side, we get a sequence which is Sturmian. This can be
seen by extending the trajectory of the ball in a straight line from the origin, giving
rise to a cutting sequence which is the same as the original sequence.

16.4 Sequences Arising from Irrational Rotations are Sturmian

As usual, T, : [0,1) — [0, 1) is the rotation T, (z) = {z + a} where 0 < a < 1 is
irrational. We know from Section 14.2 that in this case T, is minimal, so that the
sequence {x + ka}32, is dense in [0, 1) for every = € [0, 1).

Define partitions P and P’ of [0, 1) by

P={0,1-a),1-a,1)}, P ={0,1-a](1-al)}

A “coding” of the orbit O(x) of T, with respect to the partition P is obtained in
a similar way to the last section, by defining a sequence u = ujus. .., of 0’s and 1’s
with

u,=1 <= {r+na}e[l—aol).
Since T, is minimal, the sequence can take the value 1 — « at most once, so we get
essentially the same coding using P or P’. If we set © = 0, we get the sequence f,
defined previously. Set

10:[0,1—a), 11:[1—Oé,1).
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The following proposition tells us that the coding obtained is independent of z € [0, 1)
in the sense that the set of factors £(u) (words appearing in u) is independent of z.

Proposition 16.4.1 The finite word w = wiws ... w, is a factor of u = upuy ..., if
and only if there exists k € N such that

n—1

{x+ka} € I(wy,wy, ..., wn) = () T (L)

j=0

Proof. The word w = wyws ... w, is a factor of u if and only if there exists k € N

with
W1 = Uk, Wy = Ukt1, ..., Wy = Ukin,
or if and only if
{r+ka} €ly, {z+ (k+1Da} €ly,, ... {x+(k+n—1)a}el,,,
if and only if
{x+ka} € I, To({x + ka}) € Ly,, ... , T '({x +ka}) € L,,.

This is equivalent to

n—1
{z+ka} € ()T (Luy,.)-
j=0

O
Since the set I(wy,...,w,) is independent of z, the set of factors does not depend
on the initial point z. Clearly there are 2" sets of the form I(wy, ..., w,) where w; =0

or w; = 1, being pairwise disjoint with union equal to all of [0,1). We shall show
that all but n + 1 of these sets are empty, and the remaining n + 1 are (connected)
intervals. It follows that there at exactly n + 1 factors of length n, so that for each
x € [0,1), the sequence is Sturmian. In particular, for 0 < o < 1 irrational, f, is a
Sturmian sequence.

Since Ty, is a one-to-one and onto map, T,;! is defined and given by

(z) = r—a+1 ifzel0,a)
VTl z-a if © € [a,1)

Notice that
{T770):0<k<n—1}={0,{1 —a}, {1 —2a},...,{1 = (n— Da}},
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and these points are spread around the unit interval (not necessarily in this order).
Set

E,={{1l-ka)}:k=0,1,2,...,n —1} U {0},
and suppose that E, = {G7,57,...,0%, Bh1}, where the superscript denotes the
dependence on n and

0=0) <Bi <--<fy<fBrn=1

then E, is a partition of [0,1) into n + 1 subintervals. Suppose that 7,,"(0) =
{1 — na} =~, then E,; is the same finite set with the addition of v, §; < v < i1
for some 7. We can write

Epr = {6 B0 B0 O} = En U {}
We will use induction to prove that for each n > 1, there are n 4+ 1 non-empty
intervals of the form I(wy,...,w,). For example, when n = 1, we have £} = {0,1 —

a,1} = {85, 01, B3}, and the two intervals are 1(0) = Iy = [0,1 —a) and I(1) =, =
1—a,1).

There are two possibilities when n = 2, depending on whether or not the disconti-
nuity « of T,;! lies in the interval [0, 3;) or not. Suppose that 8; < a, then we can
check that if v = {1 — 2a} = 2 — 2, then Ey = {0, 3{,v,1} and
and if 3} > «, then Ey = {0,v, 4,1} and

1(070) = [0>'7)> 1(071) = [’%611)7 1(170) = [61171)7 1(171) = ®>

where v = 1 — 2a = {1 — 2a}. Notice that in each case we have a partition of [0, 1)
into three intervals. We use these ideas to prove the general case, and deduce that
the resulting sequences are Sturmian:

Proposition 16.4.2 Let x € [0,1), 0 < a < 1 irrational and u be the sequence of 0’s
and 1’s with

u, =1 <= {r+na}e[l-a,l).
If pu(n) is the number of factors of length n of the sequence u, then
pu(n)=n+1, forall neN.

Proof. We need the following lemma:
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Lemma 16.4.3 Set B, = {{1 —ka} : k=0,1,2,...,n— 1} U {0} and suppose that

0=0y <By << B, <Bhy=1

IfI(wy, ..., wy) # 0, then I(wy, ..., wy) is an interval of the form B}, B, ), for some
0 < k < n. Conversely, any interval of the form [3}, Br1) is equal to I(wy, ..., wy)
for some factor wyws ... w, of u.

Proof. We prove this result by induction. We have seen that it is true for n = 1
and n = 2, so suppose it is true for some fixed n, then any non-empty set of the form
I(wy, ..., wy) is an interval equal to [3}, 81, ), for some 0 < k < n. Consider now

I(wy, wa, ... way wng1) = [ To? (L) = Ly N Tt [ (wo, ws, .. woi1)] |
j=0

where we know by our induction hypothesis, that I(ws,ws,...wy,11) is an interval of
the form [5}, B;,1). There are two cases to consider.

Case 1 The discontinuity a of T, does not lie in the interval |8y, G}, ):

Then T, [B2, B1y) = [87F, B for some 0 < ¢ < n+1 (the integers £ and (+1
have to be consecutive, for otherwise there would be some v € E, 11, belonging to the
interval 7! [ﬁ,’;,ﬁ,’jﬂ), with corresponding § € E, in the interval (3}, 3;,,), giving
a contradiction).

The intersection of this interval with the interval I, (where I,,, is either Iy or I),

is clearly an interval of the correct form.

Case 2 The discontinuity « lies in the interval [3}, 87, ;):
Then

T B8 Bi) = 10,87 U BT 1),

and Zﬂ appear here since other values from F,, . ; would lead to a contradiction

as in Case 1). Since f;"' < 1 —«a and B0 > 1 — «a (because 8¢ € [0,a) and

Biq € (a,1)), the intersection of this set with either Iy or I; is again an interval of

( Iz—l—l

the required form.
It now follows by induction that for each n, the sets I(wy,...,w,) are intervals of

the form [5}, Bi14).

Since sets of the form I(wy, ..., w,) give rise to a partition of [0, 1), these sets must
account for all sets (3, By, ) for 0 < k < n and the lemma follows directly. O
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Proof of Proposition 16.4.2 We saw from Proposition 16.4.1 that a word wyws . .. w,
appears in the sequence u if and only of I(wy,...,w,) # 0. From the lemma, there
are at most n + 1 such sets (all being intervals), and the result follows. O

16.5 The Three Distance Theorem

Starting with n = 1 we defined the partition E; = {0,1 — «,1} = {3}, 51,05},
giving rise to subintervals of [0,1) having lengths 1 — « and « respectively. The
sets Fsy, F3 etc. can be defined inductively by adding a single member of the orbit
of 0 under T;! at each stage, giving rise to new subintervals of [0, 1), of decreasing
lengths. It is surprising that for each fixed n > 1 the lengths of the intervals [}, 5;!,1)
created by the partition FE, take at most three values. This is the celebrated “Three
Distance Theorem”, which was conjectured by Steinhaus and proved by V. T. Vos.
We digress somewhat from our studies of dynamical systems to give a proof which
uses the properties of Sturmian sequences and also uses results from the theory of
equidistribution (see Appendix D on Weyl’s Equidistribution Theorem). This proof
is due to V. Berthé, [8], [9]. The Three Distance Theorem can be stated in terms of
the orbit of 0 under T, as:

16.5.1 The Three Distance Theorem

Let 0 < o < 1 be irrational and n € Z7". The points {ka}, for 0 < k < n, partition
the interval [0, 1) into n+ 1 intervals, the lengths of which take at most three values,
one being the sum of the other two.

There are many proofs of the Three Distance Theorem, usually of a combinatorial
nature. We shall give a dynamical proof due to V. Berthé, which uses the theory
developed so far concerning Sturmian sequences. In order to prove this theorem we
need to define the Rauzy graph of a sequence.

Definition 16.5.2 Let u € AY be a sequence over a finite alaphabet A. The Rauzy
graph T',, of u is an oriented graph whose vertices and edges are defined as follows:

(i) The vertices U, V, ... of I, are the factors (words) of length n appearing in u (i.e.,
the members of £, (u)).

(ii) There is an edge from vertex U to vertex V if V' follows U in the sequence u.
More precisely: V follows U if there is a factor W of v and z,y € A such that

U=zW, V=Wy and xWy is a factor of u.
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Such an edge is labelled zWy.

Recall that the complexity function p,(n) = |£,(u)|, is the number of distinct
factors of length n. We have the following straightforward facts:

Proposition 16.5.3 p,(n) = the number of vertices of Iy, pu(n + 1) = the number
of edges of T'y,.

Proof. The first statement is clear. If w = ujus...u,yq is a factor of length n + 1,
set W =wusy...u,. Then if U = uyW and V = Wu,,1, then U and V are factors of
length n, so are vertices of the graph and w = uyWu, is a factor of length n + 1,
which is an edge joing them. In other words, every factor of length n + 1 appears as
an edge, and it cannot appear in more than one place.

On the other hand, by definition, every edge corresponds to a factor of length n+1.
O

Recall that a right extension of a factor w = wy ... w, of a sequence u, is a factor
of u of the form wy...w,x. Left extensions are defined similarly. A factor having
more than one right extension is called a right special factor (repectively left special
factor).

Definition 16.5.4 Let U be a vertex of I',,. Set
Ut =4 of edges of I',, originating at U,
U™ =+# of edges of I',, ending at U.

Proposition 16.5.5

puln+1) —pu(n)= Y (Ut =1)= Y (U -1

|U|=n |U|=n

Proof. Here we are summing over all the vertices (factors of length n), so that
> v|=n 1 = Pu(n). Since U™ gives the total number of edges (factors of length n + 1)
originating at the vertex U, Z|U|:n Ut will give the total number of factors of length
n+ 1. U

Definition 16.5.6 A branch of the Rauzy graph I',, is a sequence of adjacent edges
(Uy,Us, ..., Uy,) of maximal length (possibly empty), with the property:

Ufr=1 for i<m, U =1, for i>1.
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In order to prove the Three Distance Theorem, we need to relate the frequency of
how often a factor of some length n appears in u with the lengths of the intervals
I(wy,ws, ..., wy), which are intervals of the form [3}, 81, ;).

Definition 16.5.7 Let w be a factor of the sequence u = ujus.... The frequency
f(w) of w in w is the limit (if it exists):

F(w) = lim #{ of occurences of w in uyug ... ug}

It follows from the following results that frequencies always exist for Sturmain
sequences. In addition, for each fixed n, the frequencies of factors of length n can take
at most three different values. Certain words necessarily have the same frequencies:

Proposition 16.5.8 If U and V' are vertices of Iy, linked by an edge xWy with
Ut =1,V =1, then f(U) = f(V). In addition, the vertices of a branch have the
same frequencies.

Proof. U = zW and V = Wy and since UT = 1, U has the unique right extension
Wy, and since V~ = 1, V has the unique left extension zW. It follows for example
that the frequency of the appearance of U in u and Uy in u are identical, so that

fU) = fUy) = f(aWy) = f2V) = f(V).

Continuing this argument, we see that the vertices of any branch must have the same
frequencies. O

The following is now fundamental in proving the Three Distance Theorem (see [?]):

Proposition 16.5.9 Let u be a recurrent sequence having complexity function p,(n).
The frequencies of factors of length n take at most

3 (pu(n + 1) - pu(n))
different values.

Proof. Let Vi be the set of all factors of length n of the sequence u, having more
than one extension. In other words, V; is the set of those vertices U in I'), for which
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Ut > 2. The cardinality of V; must satisfy:

Vil= ) 1<) (U =1)=pun+1)=pun).

U|=n, U+>2 U|=n

Let V5 be the subset of the set of vertices of I',, defined in the following way:

U € Vs if and only if Ut = 1 and if V' is the unique vertex such that there is an
edge from U to V in '), then V= > 2.

In other words, U € V5 if and only if U = W where x € A and where the factor
W of the sequence u has a unique right extension, but at least two left extensions.
The cardinality of V5 satisfies:

Vol < D Vi= > (VT =1+ Y 1< 2pu(n+1) = pu(n).
V->2 V->2 V->2
It follows that there are at most 3(p,(n+1) — p,(n)) factors in V; U V. Now let U
be a factor of length n that does not belong to either of V; or V5. Then UT = 1, and
the unique word V' for which there is an edge from U to V in I, satisfies V'~ = 1.
It follows from the previous proposition that U and V have the same frequencies:
f(U) = f(V). Now consider the path in I, starting at U and consisting of vertices
that do not belong to Vi or V5. The last vertex of this path belongs to either V; or
V5 and has the same frequency as U. O

Proof of the Three Distance Theorem. We are now assuming that the sequence
u arises as the coding of the sequence {{z + ka} : k € N}, so that it is Sturmian
and p,(n) = n+ 1 and p,(n + 1) — py(n) = 1 for each n. The last result tells us
that there are at most three values the frequencies f(w) can take for any factor of
length n. Suppose w = wy ... w,, then we showed earlier that w appears in u if and
only if I'(wy,...,w,) # (), and in this case I(ws,...,w,) is an interval formed by
the partitioning of [0,1) using the points {T,,;%(0) : 0 < k < n}. Now using Weyl’s
Equidistribution Theorem (see Appendix D), the frequency of the sequence {x + ka}
in a subinterval of [0, 1) is equal to the length of that interval. It now follows that
each of these subintervals can have at most three different lengths. 0J

16.6 Semi-Toplogical Conjugacy Between ([0,1),7,) and (O(u), o).

Let u be the Sturmian sequence arising as the coding of some irrational rotation
T,. In other words, if P = {[0,1 — «), [l — «, 1)} is the partition of [0, 1) defined in
Section 16.4, then u = wugu; ..., where u,, = 0 if 77(0) € [0,1 — «) and u, = 1 if
T7(0) € [1 —a,1). It is reasonable to ask whether there is a topological conjugacy
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between the dynamical systems ([0,1),7,) and (O(u),o). This is clearly not the
case as there would have to be a homeomorphism between the underlying metric

spaces [0,1) and O(u), the first space being connected (an interval) and the second
being totally disconnected (a type of Cantor set). In a similar way, the dynamical
systems ([0, 1),7,) and (S', R,), where R,(2) = az, a = e*™ are not conjugate as
the underlying spaces are not homeomorphic. However, all these maps are what we
call semi-topologically conjugate.

Definition 16.6.1 Two dynamical systems (X, f) and (Y, g) are semi-topologically
conjugate if there exist countable sets X; C X, Y7 C Y, and a one-to-one onto function
¢ : X7 — Y] which is continuous with continuous inverse and satisfies ¢ o f(z) =
go¢(x), for all z € X;.

In the case that (X, f) is a symbolic system (for example, a substitution dynamical
system), we say that it is a coding of (Y, g).

It is easy to see that ([0, 1), T,) and (S*, R,) above are semi-topologically conjugate.

Theorem 16.6.2 Let 0 < a < 1 be irrational and let w = uguy ... be the Sturmian
sequence given by u, = 0 if T2(0) € [0,1 — ), and u,, = 1 if T(0) € [1 — a, 1).
Denote by (O(u), o) the corresponding shift dynamical system. Then the dynamical

systems ([0,1),T,) and (O(u),0) are semi-topologically conjugate.

Proof. Write P = {[0,1 — «),[1 — a, 1)}, the partition of [0,1) given above. Let
x € [0, 1), then we define a function ¢ : [0,1) — O(u) by

¢(x) =P — name of x,

where ¢(z) is the sequence of 0’s and 1’s whose nth term is 0 if 77(x) € [0,1—«), and
is 1if T7(x) € [1 — o, 1). In particular, ¢(0) = u, and ¢(7T7(0)) = ¢p({na}) = o"(u).
Clearly ¢ is well defined, and if x and y have the same P-name, they are equal, since
they are not seperated by arbitrarily small intervals, so ¢ is one-to-one. ¢ is onto, for
ifwe w, then every factor of w is a factor of u, so if w = wywsy ... w,..., then we
can find a sequence z,, € I(wy, we,...wy,), n=1,2,..., with z,, — x and ¢(x) = w.

Let D = {{na} : n € N}, a countable set dense in [0,1), and ¢(D) = {o™(u) : n €
N}. Clearly ¢ : [0,1) — D — O(u) — ¢(D) is also a bijection, and we show that it is
a continuous map.

Let ¢ > 0 and z € [0,1) — D, and choose n so large that 1/2" < €, and also choose

> 0sothatify € (x —d,x+6), then (z — 0, x4+ 0) C I(wy,ws, ..., w,) for some
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factor wyws ... w, of u. Then ¢(x) and ¢(y) have the same first n coordinates, so
that d(¢(z), ¢(y)) < 1/2" < ¢, so ¢ is continuous at x. This argument does not work
if x € D, since then we cannot ensure that (z — 0,z 4+ §) C I(wy,ws, ..., w,) for any
factor wy ... w,. A similar argument will show that ¢! is a continuous map.
Finally, note that the nth term of ¢(x+a): [¢p(z+a)], = 0if and only if T (z+«) €
0,1 — ), if and only if T (z) € [0,1 — «), if and only if [c¢(z)], = 0. It follows
that ¢ o T,,(z) = 0 o ¢(x) for x € [0, 1), and the result follows. O

Remark 16.6.3 We showed earlier that if u is a rercurrent sequence, then the dy-
namical system (O(u), o) has the property of being onto. Since a Sturmain sequence

is recurrent, the shift map o : O(u) — O(u), is necessarily onto. The next result tells
us that it is essentially one-to-one.

Proposition 16.6.4 The shift map o : O(u) — O(u), for u a Sturmian sequence, is

one-to-one except at one point.

Proof. Since u is recurrent, every factor in £,(u) (the words in u of length n),
appears infinitely often in u, so can be extended on the left. Since |L,(u)| = n + 1,
there is exactly one factor of length n that can be extended on the left in two different
ways (called a left special factor).

Let L,, be the unique word in £, (u) that can be extended in 2 different ways. In
particular,
0L, 1L, € L,(u).
Consider the word L,, 1, which can be extended in two ways to give 0 L,,41 and 1 L;, ;.
It is clear that
L1 = Lya, for some a € {0,1},

since an extension of L, gives rise to an extension of L,, and L, is unique.

Suppose now that w € O(u) is a sequence with two preimages: say there are
vy, v9 € O(u) with

o(v)) =w = o(ve),

then every initial factor of w of length n has two extension: i.e., w = L, v for some
sequence v, for each n € N. Such a w is clearly unique. O

Exercises 16.1



256

1. Show that the Morse sequence is not Sturmian (Hint: look at the number of factors
of length 2).

2. Let f, =60"(0), n >0 and f_; = 1, where u = uguy ... is the Fibonacci sequence
generated by the substitution #(0) =01, 6(1) = 0.

(a) Show that fy =¢€(010)(010)10, and f5 =0(10010)(10010)01 and now use
induction on the length of a word to show that for any word w

(where @ denotes the reflection of the word w, so if w = aga;...a,, then W =
ApCp—1 ... 01).

(b) Use (a) to prove the identity

fn+2 == 'Un.fnfntn> n 2 27
where v, = €, and for n > 3

01, ifnisodd
Up = fn—z--- fifo, and tn:{ 10, otherwise -

(Hint: Show that Q(fntn) = 0fn+1tn+1, then use 0(v,) 0 = v,41).

3. Let T, be an irrational rotation on [0,1), 0 < o < 1. Show that 77*(0) € [1 —a, 1)
if and only if |(n+ 1)) — [na] =1, ie., {na} € [1 —a, 1) if and only if f,(n) = 1.

4. Show that if 3 and ~ are irrational with cutting sequences Sz and S, respectively,
then Sz = S, if and only if 8 = v. It follows that there are uncountably many
Sturmian sequences. Deduce from the fact that there are at most countably many
substitutions on 4 = {0, 1}, that not all Sturmian sequences can be represented as
substitutions.

5. Show that if 3 > 0 has cutting sequence Sg, then R(Sz) = S1/3 (where R(0) =1
and R(1) =0).
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6. Show that the Rauzy graph I',, is always connected, i.e., given any two vertices U
and V', there are edges that connect U and V.

7. Prove that a sequence u is recurrent if and only if every factor appears at least
twice. Deduce that this is equivalent to the the graph I' being strongly connected.

8. An infinite sequence of 0’s and 1’s is defined in the following way.
(a) 0 is placed in every other position (i.e., every even position).
(b) 1 is placed in every other of the unfilled positions.

(c) 0 is placed in every other of the unfilled positions.
(d) Continue in this way indefinitely. The first few terms are

0100010101000100010....

Show that the resulting sequence is aperiodic and almost periodic. Compare this
sequence with that generated by the substitution

0(0) =11, 6(1)=10.

9. The topological entropy of an infinite sequence v = uguy . . ., is defined to be:
log, pu
H(u) = lim 084 Pullt) (n)’
n—oo n

where d = | A| and p,(n) is the complexity function of u.
(i) Find H(u) for u a Sturmian sequence.

(i) Find H(u) for a sequence whose complexity function is p,(n) = 2¢.

10. Use the following steps to show that lim,,_, log, p,(n)/n exists.

11. Construct a sequence u for which the frequencies of letters do not exist.
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12. Prove that every prefix of a Sturmian sequence u appears at least twice in the

sequence. Deduce that the factors of every Sturmian sequence appear infinitely often
(u is recurrent).



