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b)

Find the MLE for A assuming that & is known.
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Q)

Find the information in a single observation about A assuming that & is known.
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d)
Find the asymptotic distribution for the parameter i(\) = €* assuming that & is known.
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e)

Suppose X1,. .., X, is a random sample with density
1 T—p
flz,p0)=—exp| — —— forp<z<oo, 0<o<o0.
4 o
Find a two-dimensional sufficient statistic for (i, 7).
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Question Three

a)
Let X1,..., X, bei.id.Poisson()) and let A have a Gamma(a, ) distribution with density of the

form,

1@0.8) = gz e

the conjugate family for the Poisson. Find the posterior distribution for A.

)
\ N B
(xamma(a+;X,+l,nﬂ+l)
) B 5
Gamma(a+;X,,m)
) R 5
Gamma(a+;X, 71’nﬂ+1)
) B L
Gamma(a+;X,,m)
@)

- 1
Gamma(a+ZX,—1,nﬂ“)

i=1




image12.png
b)

From part (a) now suppose that we observe a sample of size nine with Z?:l x; = 9. Let the prior
be specified with parameters & = 2 and 3 = 1. Find an estimate for the parameter A using the
squared error loss L(6, a) = (6 — a)2. Give your answer to two decimal places.

Hint: If X ~ Gamma(a, 3) then E(X) = af.
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Q)

Suppose we sample n i.i.d observations X = (X1, ..., X, ) from a population with conditional
distribution of each single observation being geometric distribution,

Fro@f) =6(1-6), z=01,2,...; 0<f<1

The parameter 6 is considered as random in the interval © = (0, 1). If the prior on © is given by
7(6) = 66(1 — 6),0 < 6 < 1. Find the posterior distribution of h(6| X = (z1,22,...,2,)).

Hint: If X ~ Beta(f;,6;) then it has density function
1
0,.0,) = -1(1 _ g)fe-1
f(z,01,62) 3(91.92)1 (1-=2)

where the Beta function B(a, () is given by

1
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d)

From part (c), hence determine the Bayes estimator for  with respect to the quadratic loss function
L(6,a) = (0 — a)?
when we observe a sample of size n = 4 and Zle T =2.

Hint: If X ~ Beta(f1,6;) then E(X) = Jf‘ez.
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e)

From part (c), which of the following expressions leads to the Bayes estimator m of 6 with respect to
the absolute value loss L(6,a) = |0 — a|? Let
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s E Ti.
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Question One

Let X = (X1, Xo,.
function

, Xn) be a sample of i.i.d. Geometric(€) random variables with density

0e(0,1),

a)
Adensity f(z, ) belongs to the one parameter exponential family density if € © € R! and
f(@,6) = a(6)b(z) exp(c(9)d(z))

with ¢(8) strictly monotone. By showing that the Geometric(6) belongs to the one-parameter
exponential family we can find a complete and (minimal) sufficient statistic for 6. Find the functions
that describe the Geometric distribution belonging to the one parameter exponential family density.

)
a(@) =0, blx)=1, c(f)=1log(l1—06) and d(z)=logz
O
a(6) =log(1 - 6), bz)=1, c(6) =
) 0
a(f) =log(1—0), b(z)==z, c(f)= -0 and d(z) ==z
O
a(f) = b(z) =1, c(f)=1log(f) and d(z)
)

a(@) =0, blx)=1, c(f)=Ilog(l1—0) and d(z)==z
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b)
Derive the UMVUE of h(f) = 6.
Hint: Use the interpretation that P(X; = 0) = 6 and the fact that
n
T= Z X; ~ Negative Binoruial(n,9)
i=1

with probability mass function

P(T=1)= (”“’1>9"(170)', t=0,1.2....

t
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Q)

Calculate the Cramer-Rao lower bound for the minimal variance of an unbiased estimator of

h(6) = 6.

O 6%log(1 - 6)
n
O n
6(1—6)?
O 6°(1-16)
n
O 6(1-6)°
n
) n

(10




image4.png
d)

The Cramer-Rao lower bound is attainable if and only if we have equality in the Cauchy-Schwartz
Inequality which implies that the score V(X ) must have a representation of the form

V(X.0) = k. (6)V(X) - 7(6)],

where the factor k;, (6) is a proportionality factor, so it does not involve the data and the quantity
W (X)) is a statistic, i.e., it does not involve the parameter but just the data. Which form below
indicates that the Cramer-Rao lower bound is NOT attainable for 2 (6) = 6.

' V(X,0) = ﬁ[(”)?)’e]
' V(X,0) = 9(1Ti 5 [(17)?9)79}
' V(X,0) = 92(1"770)[(1“’()79]
' V(X,0) = ﬁ[log(ﬁ(lJr)?) 79}
' V(X,0) = ﬁ[ez(u)’()fﬂ}
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e)

Suppose we are now interested in 7(6) = %.The transformation invariance property of the MLE
implies that the MLE for 7(6) is

Orute

Find the asymptotic distribution of the MLE of 7(6), that is, state the asymptotic distribution of

VilF = 7(0)).
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Question Two

Suppose X1,..., X, are arandom sample from a population with density
A* 1,-X
z,K, ) = " e M, forz >0
Famd) = 75 :

where & > 0 and A > 0.

a)

Which of the following are a two-dimensional sufficient statistic for § = (k, A)’. There are two
correct answers.

7= @1 = (Y tor(x). X)

i=1




