


My hope is that after Week 5 (09/27-10/01), you will be able to:

STAT 140: . . .
Week 5 My hope is that after this week, you will be able to:

ol o (i m ldentify scenarios where the geometric, binomial, Poisson, and normal

Week distributions can be used.
m Calculate the means and standard deviations for each of the above

distributions.
m Use the above distributions to calculate the probabilities of different events

occurring.



Probability Density Functions

STAT 140:

Week s m Probability Density Functions are functions that define the probabilities of
the possible outcomes of a continuous variable (we can also talk about similar
functions called probability mass functions for discrete variables).

Probability m When plotted, these functions show the center, shape, and spread of the

Distributions

variable.
m These curves or functions have to follow the same rules as any other
probability distribution.
m The values the variable takes must be disjoint (e.g., a randomly chosen person
cannot have both 6 and 7 siblings).
m Each probability defined by the function must be between 0 and 1.
m The probabilities defined by the function must total 1.



Probability Distributions

STAT 140:

Week 5 Often, these probability density functions match a well-known probability
distribution.
Probability T S | Discrete:
Distributions I v N .
m Bernoulli
ot bl m Binomial
‘ isson — Exponential ‘ ‘ ‘ $Fr(ﬂ“a‘l‘ - . Geo m etri C
Al )
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Log Normal ' . I Weibull . Conti n uous:
iRy > [{fiEnkSguered
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®https: //www.datasciencecentral.com/profiles/blogs /common- probability-distributions-the-
data-scientist-s-crib-sheet>


https://www.datasciencecentral.com/profiles/blogs/common-probability-distributions-the-data-scientist-s-crib-sheet>
https://www.datasciencecentral.com/profiles/blogs/common-probability-distributions-the-data-scientist-s-crib-sheet>

Definitions

STAT 140:
Week 5 m Trial: A trial can be thought of as a single observation of a random process

with one of two outcomes—0 or 1.
m Failure: If the outcome of interest does not happen, the trial is known as a
failure (recorded as 0).
m Success: If the outcome of interest does happen, the trial is known as a success
Difiiiidtes (recorded as 1).

m Probability of Success: The probability of success, p, is a parameter
describing trials for success or failure. It is the expected value of success on a
single trial.

m Sample Proportion: The sample proportion, p, is a statistic describing
trials for success or failure. It is the average of a large number of trials that
are recorded as either 0 or 1.



Independent, Identically Distributed

STAT 140:

Week 5 m Two variables are independent and identically distributed if:

m The variables don't affect each other (independence); and
m The variables have the same probability of success (identical).
m More broadly speaking, we can say that two variables are “lID" if:

m The variables don't affect each other (independence); and
m The variables have the same parameters (identical).

Definitions



Bernoulli Random Variables 1

STAT 140:
Week 5 m Bernoulli Random Variable: A Bernoulli random variable is a special type of

variable that describes a single trial resulting only in the values 1 or 0 with
probabilities p and (1 — p), respectively.
m Expected Value: p=p
m Standard Deviation: o = /p(1 — p)
— m Bernoulli random variables are used as the building blocks for other discrete
Distribution probability distributions.



STAT 140:
Week 5

Goals for the
Week

Probability
Distributions

Definitions

Bernoulli
Distribution

Geometric
Distribution

Binomial
Distribution

Poisson
Distribution

Normal
Distribution

Bernoulli Random Variables 2

0.75-
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80



Geometric Distribution 1

STAT 140:
Week 5 m Definition: The geometric distribution is used to describe how many trials it
takes to observe a success.
m Examples:
m How many times must we toss a coin before getting three heads in a row?
m How many keys on my infinitely large key-ring must | try before finally being
able to unlock my office?
® How many days must we wait for Mountain Day?
Geometric

Distribution



Geometric Distribution 2

STAT 140:

Week 5 m If the probability of a success in one trial is p and the probability of a failure is
1 — p, then the probability of finding the first success in the nt” trial is given by
P(X=n)=(1-p)"'p
m The mean (expected value) of the wait time for a geometric distribution is
Geometric ]_
Distribution /_,L = —

p

m The standard deviation of the wait time is




STAT 140:
Week 5

Goals for the
Week

Probability
Distributions

Definitions

Bernoulli
Distribution

Geometric
Distribution

Binomial
Distribution

Poisson
Distribution

Normal
Distribution

Geometric Distribution 3
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Geometric Distribution 5

STAT 140:
Week 5 m Conditions
m Are the trials independent?
m Can the outcomes of the trials be classified only as successes or failures?
m s the probability of success, p, the same for each trial?
m Are we looking for one, and exactly one, success?
Geometric

Distribution



Geometric Distribution 6

STAT 140:
Week 5 30% of applicants for a job possess advanced programming skills. Applicants are

interviewed sequentially and are selected at random from a pool of applicants.

m How many applicants should we expect to interview before we meet one with
advanced programming skills?

_ L
~ 03

m What is the probability that we have to interview exactly five candidates to
find one with advanced programming skills?

E(X) —3.33

Geometric
Distribution

P(X=5)=(1-03)°"1x%x03
=0.072



Geometric Distribution 7
STAT 140:
Week 5 m What is the probability that we have to interview exactly five candidates?

## dgeom() requires the number of FAILURES and the probability.
## Do not input the total number of trials!
dgeom (4, 0.3)

## [1] 0.07203

Geometric m What is the probability that we have to interview at most five candidates?
dgeom (0, 0.3) + dgeom(1, 0.3) + dgeom(2, 0.3) +
dgeom(3, 0.3) + dgeom(4, 0.3)

## [1] 0.83193



Geometric Distribution 8

STAT 140:
Week 5 m What is the probability that we have to interview at most five candidates?
dgeom(0:4, 0.3)
## [1] 0.30000 0.21000 0.14700 0.10290 0.07203
sum(dgeom(0:4, 0.3))
## [1] 0.83193
St pgeom(4, 0.3)

## [1] 0.83193

m For any discrete probability distribution in R:
m Commands beginning with a d return the probability at a single point.
m Commands beginning with a p return the probability up to, and including, a
point.



Binomial Distribution 1

STAT 140:
Week 5 m The binomial distribution describes the probability of having an exact number
of successes, k, in n independent trials. The probability of success for each
trial is p.
m Examples
m The number of people in a fixed group who favor a political candidate.
m The number of students in Mount Holyoke's Class of 2023 who have taken the
SAT.
m The number of slides in my course notes with grammatical errors.
Binomial

Distribution



Binomial Distribution 2

STAT 140:
Week 5 m Suppose the probability of a single trial being a success is p. Then, the
probability of observing exactly k successes in n independent trials is given by
n n!
P(X = k) = kl* ”—kzik]_, n—k
( ) <k>P (1-p) Ki(n— k)" (1-p)
The exclamation point, !, represents the factorial operation, defined as:
Binomial
Distribution OI — ].
11=1
20=2x1=2

3'1=3x2x1=6



Binomial Distribution 3

STAT 140:
Week s m The mean (expected value) of the number of successes in a binomial
distribution is
W= np
m The standard deviation of the number of successes is
Binomial o= np(l — p)

Distribution



STAT 140:
Week 5

Goals for the
Week

Probability
Distributions

Definitions

Bernoulli
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Binomial
Distribution

Poisson
Distribution
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Distribution

Binomial Distribution

P(X)

06-
0.4-
- Hm
0.0-

0.6-

0.4-

0.2-

0.0-
0.6-

0.4-

0.2-

0.0-

0.0

25

5.0

7.5

S0°0

S0

80



Binomial Distribution 5

STAT 140:
Week 5 m Conditions:
m Are the trials independent?
m |s the number of trials, n, fixed?
m Can the outcomes of the trials be classified only as successes or failures?
m s the probability of success, p, the same for each trial?
Binomial

Distribution



Binomial Distribution 6

STAT 140:
Week 5 38% of the population has type O-positive blood. Assume that 16 people are

donating blood.

m How many people can we expect to have type O-positive blood?

E(X) = 16 x 0.38 = 6.08

m What is the probability that exactly seven people have type O-positive blood?

Binomial
Distribution

16
P(X=1)= (7> x 0.38" x (1 —0.38)%~7

=0.177



Binomial Distribution 7

STAT 140:
Week 5 m What is the probability that exactly seven people have type O-positive blood?

dbinom(7, 16, 0.38)

## [1] 0.1771889

m What is the probability that at least seven people have type O-positive blood?

dbinom(7, 16, 0.38) + dbinom(8, 16, 0.38) +
dbinom(9, 16, 0.38) + dbinom(10, 16, 0.38) + dbinom(11l, 16, 0.38) +
Binomial dbinom(12, 16, 0.38) + dbinom(13, 16, 0.38) + dbinom(14, 16, 0.38)

Distribution

dbinom(15, 16, 0.38) + dbinom(16, 16, 0.38)

## [1] 0.4069915



Binomial Distribution 8

STAT 140:
Week 5 m What is the probability that at least seven people have type O-positive blood?

sum(dbinom(7:16, 16, 0.38))

## [1] 0.4069915
1 - pbinom(6, 16, 0.38)

## [1] 0.4069915
pbinom(6, 16, 0.38, FALSE)

Binomial
Distribution

## [1] 0.4069915



Poisson Distribution 1

STAT 140:

Week 5 m The Poisson distribution is often useful for estimating the number of events in

a large population over a unit of time or space.
m Examples

m How many wormy apples will | find on a tree?
m How many soldiers are kicked by a horse in the head in one month?
m How many people die in a hospital in one month?
m https://thisisstatistics.org/florence-nightingale-the-lady-with-the-data/

Poisson
Distribution


https://thisisstatistics.org/florence-nightingale-the-lady-with-the-data/




Poisson Distribution 3

STAT 140:

Week 5 m Suppose we are watching for events and the number of observed events follows

a Poisson distribution with rate A. Then, the probability that we observe a
fixed number of events, k, in a set period of time is

Ake=A
P(X =k) = Y

In this scenario, k may take discrete values 0, 1, 2, and so on. The exclamation
point, !, represents the factorial operation as previously described. The letter
Poisson e = 2.718 is the base of the natural logarithm.

Distribution



Poisson Distribution 4

STAT 140:

Week s m The mean (expected value) of the number of events in the Poisson

distribution is

p=A

m The standard deviation of the number of events is

o=+

Poisson
Distribution



STAT 140:
Week 5

Goals for the
Week

Probability
Distributions

Definitions

Bernoulli
Distribution

Geometric
Distribution

Binomial
Distribution

Poisson
Distribution

Normal
Distribution

Poisson Distribution 5
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Poisson Distribution 6

STAT 140:

s E m Conditions:

m Is the unit of time or space fixed? E.g., one tree, one month?
m Is the rate constant?

Poisson
Distribution



Poisson Distribution 7

STAT 140:

Week 5 Customers arrive at a checkout counter in a department store according to a
Poisson distribution at an average of seven per hour.
m What is the rate, A, of customers arriving at the checkout counter?
A=7
m What is the probability exactly five customers arrive?
Poisson
Distribution o 756_7

P(X=5)= "
—0.128



Poisson Distribution 8

STAT 140:
Week 5 m What is the probability that exactly five customers arrive?

lambda <- 7
(lambda"5) *exp(-1*lambda) /factorial(5)

## [1] 0.1277167
dpois(5, 7)

## [1] 0.1277167

Poisson
Distribution



Poisson Distribution 9

STAT 140:

Week 5 m What is the probability no more than three customers arrive?

ppois(3, 7)

## [1] 0.08176542

Poisson
Distribution



Poisson Distribution 10

STAT 140:
Week 5 m What is the probability that at least two customers arrive?

1 - dpois(0, 7) - dpois(1, 7)
## [1] 0.9927049

1 - dpois(0:1, 7)

## [1] 0.9990881 0.9936168

1 - ppois(1, 7)

Poisson ## [1] 0.9927049

Distribution



Normal Distribution 1

STAT 140:
Week 5 m The normal distribution, or normal curve always describes a symmetric,
unimodal, bell-shaped curve.

m Many naturally occuring variables are nearly normal, but none are exactly
normal. Even so, because it is so common, the normal distribution is very
useful.

m Carl Friedrich Gauss was the first to describe the normal curve, and therefore
it is sometimes called the Gaussian curve
(https://heavy.com/news/2018/04 /johann-carl-friedrich-gauss/).

Normal

Distribution


https://heavy.com/news/2018/04/johann-carl-friedrich-gauss/

Normal Distribution 2

STAT 140:
Week 5 m If the normal distribution has mean p and standard deviation o, we might
represent the distribution as
N(p, o)
m The expected value, i, and standard deviation, o, are always given as part of
the problem.
m The distribution where t = 0 and o = 1 is known as the standard normal
distribution.
Normal

Distribution



Normal Distribution 3

STAT 140:
Week 5 m For any continuous distribution, the probability of observing an exact number
is 0.
m Then, for the normal distribution, we can only find ranges of probabilities.
m The probability density function for the normal distribution at x is
1 (x=)?
f(x|p, o) = e 202
2o

m This formula is incredibly difficult to work with!

Normal

Distribution



Normal Distribution 4

STAT 140:
Week 5

Goals for the
Week
1.0-
Probability
Distributions

Definitions

Bernoulli
Distribution

Geometric 0.5-
Distribution

Binomial
Distribution

Poisson
Distribution

Normal 0.0-

Distribution



Normal Distribution 5

STAT 140:
Week 5 m Instead of using the formula, we have to rely on a table of probabilities.
m Either. ..
m We would have to create a table for an infinite number of normal distributions; or
m We can find a way to convert everything to the standard normal distribution.
Normal

Distribution



Negatve Z

Second decimal ol &

I I I . Z
GO0 00000 00000 00003 00003 [ 6.0003 00003 00000 00000 00003 —!!
OO0 0000 0000 0000 00004 | 000 00004 00008 00005 00005 | ~3.3
COOEG OO0 00006 00006 00006 | 00006  0.0006 00006 0.0007 00007 | 3.2
GO0 00007 00008 00008 00008 [ 00008 00009 0008 00008 0000 | =31
0010 00000 00011 00011 00011 | 0002 0.0002 00011 0003 00013 | 3.0
G001 00014 00015 GKS 00016 | 00016 .07 00018 0008 a00ls | =29
00018 00020 00021 0001 00022 | 00023 0.021 0002 0005 00026 | =28
G003 00027 00028 00029 00030 | 00001 0.092 00031 00084 000as | 27
GO0 00047 00098 0009 00040 | 00041 0.0043 00080 005 0MT | 26
OO0 00049 0005 00052 00054 | 00065 0.0057 0005 00060 00062 | —25
00061 00066 00068 00069 000T) [ 00071 0.00T5 00078 00080 00082 | =24
G084 00087 0008 006 00094 | 0066 00089 00102 0.01M 00107 | -2.3
GO 1A 0016 00119 00122 | 00125 29 00182 0016 00138 | 22
00141 036 0% 00154 00158 [ 002 0mes oM 00174 0mTe | -2
G0181 00188 00192 00197 00202 | 0.0207  0.0212 00217 2




Z-Scores

STAT 140:
Week 5 m The Z-score of an observation is defined as the number of standard deviations
it falls above or below the mean.
X J—
7=2"F#
o
m Z-scores have two parts:
m A sign (positive or negative) that tells you if the observations falls above or
below the mean.
m A magnitude (distance) that tells you how far away from the mean the
observation is.
Normal

Distribution



Practicing Z-Scores 1

STAT 140:

Week 5 m Ann scored a 1300 on the SAT, which is nearly normally distributed with a

mean of 1100 and a standard deviation of 200.
m How can we express the normal distribution of the SAT?
m What is Ann’s Z-score?
m Tom scored a 24 on the ACT, which is nearly normally distributed with a
mean of 21 and a standard deviation of 6.
m What is Tom’s Z-score?
m Draw pictures showing Tom and Ann's Z-scores.
m Who scored better relative to the mean, Tom or Ann?

Normal
Distribution



Practicing Z-Scores 2

STAT 140:

Week s = N(1100,200)
8 Zanme = 130%501100 —-1
m Zrom = 252 =05

m Anne scored better since her Z-score is higher!

Normal
Distribution






Normal Distribution 8

STAT 140:

s E m Characteristics of the Standard Normal Distribution

m The standard normal curve is perfectly symmetric. A.k.a.,

P(Z < —-z)=P(Z > z2)
+ The area under the standard normal curve is exactly 1. A.k.a.,
P(Z<z)=1-P(Z > z)
m The standard normal curve follows the 68-95-99.7 rule: 68% of the data are

o within one standard deviation of the mean, 95% are within 2, and 99.7% are
Distribution Wlthln 3



Normal Distribution 9

STAT 140:
Week 5

Goals for the
Week

Probability
Distributions

Definitions

Bernoulli
Distribution

Geometric
Distribution

Binomial
Distribution

I I 1 T I I 1
Poisson u-3c u-20 [T u w4+ o u+2c wu+30

Distribution

Normal
Distribution



Normal Distribution 10

STAT 140:
Week 5 m What is the probability that someone scores less than or equal to Ann's score,
1300, on the SAT?
pnorm(1, 0, 1)
## [1] 0.8413447
pnorm (1300, 1100, 200)
## [1] 0.8413447
Normal

Distribution



Normal Distribution 11

STAT 140:
Week 5 m What is the probability that someone scores less than or equal to Ann's score,
1300, on the SAT?
pnrorm(1300, 1100, 200)
## [1] 0.8413447
m What is the probability that someone scores less than or equal to Tom's score,
24, on the ACT?
pnorm (24, 21, 6)
## [1] 0.6914625
g?sir:gltltion

m Only use pnorm() for normal probabilities!



Probability in R 1

STAT 140:
Week 5 m AT MOST «:
B PIX<Kk)=PX=0)+PX=1)+..+P(X=k)
m pgeom(k-1, prob)
m pbinom(k, size, prob)
m ppois(k, lambda)
m pnorm(k, mean, sd)
m LESS THAN k:

B PX<k)=PX=0)+PX=1)+..4P(X=k-1)
m pgeom(k-2, prob) or sum(dgeom(0:k-2, prob))
m pbinom(k-1, size, prob) or sum(dbinom(0:k-1, size, prob))
m ppois(k-1, lambda) or sum(dpois(0:k-1, lambda))
m pnorm(k, mean, sd)

Normal

Distribution



Probability in R 2

STAT 140:
WEESE m AT LEAST «k:

PX>k)=PX=k)+P(X=k+1)+..+P(X=n)
PX>k)=1-[P(X=0)=..+P(X=k—-1)]

1 - pgeom(k-2, prob) or 1-sum(dgeom(0:k-2, prob))

1 - pbinom(k-1, size, prob) or 1-sum(dbinom(0:k-1, size, prob))
1 - ppois(k- 1, lambda) or 1-sum(dpois(0:k-1, lambda))

m 1 - pnorm(k, mean, sd)

= MORE THAN «:
m P(X >k =P(X=k+1)+..+P(X =n)

B P(X>k)=1-[P(X=0)=..4P(X=k)

m 1 - pgeom(k-1, prob) or 1-sum(dgeom(0:k-1, prob))

m 1 - pbinom(k, size, prob) or 1-sum(dbinom(0:k, size, prob))
Normal m 1 - ppois(k, lambda)or 1-sum(dpois(0:k, lambda))
Distribution m 1 - pnorm(k, mean, sd)



Percentiles 1

STAT 140:
Week 5 m A percentile is the observation with a specified fraction of cases that are
lower than that observation.
m Example: SAT scores are distributed according to N(1100,200). Ann's SAT
score is 1300.
pnrorm(1300, 1100, 200)
## [1] 0.8413447
m Ann’s SAT score represents the 84" percentile.
Normal

Distribution



STAT 140:
Week 5

Goals for the
Week

Probability
Distributions

Definitions

Bernoulli
Distribution

Geometric
Distribution

Binomial
Distribution

Poisson
Distribution

Normal
Distribution

Percentiles 2

0.3-

0.2-

0.0-

'
700

1100
SAT Scores

1500



Practicing Percentiles 1

STAT 140:
Week 5 m Tom scored a 24 on the ACT, which is nearly normally distributed with a
mean of 21 and a standard deviation of 6.
m What is Tom's percentile?
m Who scored better on their exam, Ann or Tom? Make your argument based
on percentiles.
Normal

Distribution



Practicing Percentiles 2

“Weeks  pnorm(24, 21, 6)
## [1] 0.6914625
m Tom has scored at the 69" percentile. Because his percentile is lower, we
know that Ann scored better on their exam.
Normal

Distribution



Percentiles 3

STAT 140:

Week 5 m So far we have been using pnorm() to find what the percentile is, but what if

we want to go backwards? What if we want to know what score represents the
90t percentile on both the SAT and ACT?

gnorm(0.9, 1100, 200)

## [1] 1356.31
gqnorm(0.9, 21, 6)

## [1] 28.68931

Normal
Distribution
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