1.
(@)

ds
E:—BSISOfor,B>O,SZO,IZO

S(t) is decreasing, i.e. monotone on [0, ).
S(t) < N, so S(t) is bounded.

So S, exists.

dR
E=v120f0rv>0,120

R(t) is increasing, i.e. monotone on [0, ).
R(t) < N, so R(t) is bounded.

So R, exists.

S +I(t)+R(t)=N

lim (SO +I1)+RQ®)) = lim N

tlim S(t) + tlim I(t) + tlim R(t)=N
So+1lpo+ R =N

Io =N—S,— Ry

Since S, and R, exist, so N — S, — R, exists, hence I, exists.



(b)
Since lim;,, R(t) = Ry # o, lim;,, R'(t) = 0.
tlim R'(t) = tlim(vl) =0

vIiimlI=0

t—ooo
vl, = 0,and v > 0, so

I,=0



2.

(a)

Since S is a decreasing function, S(t + 1) < S(t) for all t:

So, S(t) < S(0) forallt - BS(t) —v < BS(0) —v < 0 forall ¢.
Hence, if 3S(0) — v < 0, then BS(t) —v < 0.

dl— SI I =I1(BS

E_ﬁ vl =1(BS —v)
ForI>0and 8BS —v<0:1(BS—v) <O,
Hence:

dI<0
dt



(b)

Let BS(0) — v = a, where a is some constant such that a > 0, i.e. 8S(0) —v > 0.
Since S is a decreasing function, S(t + 1) < S(t) for all t:

Then, S(t) < S(0) forall t » BS(t) —v < a,a > 0 forall t.

Let t, be atime such that S(t) —v =0 < a.

Then, it must be that t, > 0, because 8S(t) —v < a = BS(0) — v, i.e.

BS(t) —v < BS(0) — v, which is only true for some t > 0.

Now at t = t,, BS(t) —v = 0, so:

dl
dtje=g, 1(BS(te) —v) =1(0) =0

Hence, I1(t) has a stationary point at t,.

For0 <t <ty 0<pBS(t)—v < a,because S(t) is a decreasing function, so fS(t) —v >0
and I > 0,s0 I(BS(ty) —v) =0 fort <ty or simple, I is increasing at all times before t,.
Hence, the stationary point at t,, is a maximum point, and I rises to a maximum value at a

t > t,, after which it must decrease.

Since fort > ty, BS(t) —v < 0,and I > 0 for t < t, for some t, > t, at which I is 0, then:

dl
a<0forallt0<t<te

where

Hence, after t,, I will only decrease (until it reaches zero at t,).



3.
(@)

dl
dl g BSI—vI

ds — dS~  —psI
dt
ﬂzl(ﬁS—v):v—,BS:l_l
ds —pSI pS BS
1(t) s@® o
o dl = fs(o) ﬁ_S_ 1dS

S(t)
1w _ Y

1(t) = 1(0) = (; InS(t) — S(t)) — (%lnS(O) — 5(0)>3

1(£) — 1(0) = <% InS(t) — sm) - ([33 InS(0) — 5(0))

I(0) = —S() + %m S() + 1(0) + S(0) — %m s(0)



(b)

ar_ S(te)l—vI=0
dt_ﬁ 0 Vi =

I(BS(te) —v) =0

I = ILpay 0,90

ﬁS(to)—Vzo
S(ty) = =

B
I(ty) = —S(ty) + %lnS(tO) +1(0) + S(0) — %lnS(O)
I = —— 4 2In2 4 1(0) + S(0) — =In S(0)
max =TT RNE B

L., = 1(0) + S(0) — % + (% In %) - (% In 5(0))



