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(a) 

  

  
                         

 ( ) is decreasing, i.e. monotone on [   ). 

 ( )   , so  ( ) is bounded. 

So    exists. 

  

  
                   

 ( ) is increasing, i.e. monotone on [   ). 

 ( )   , so  ( ) is bounded. 

So    exists. 
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Since    and    exist, so         exists, hence    exists. 

 

 

 

 

 

 

 

 

 

 



(b) 

Since        ( )      ,         ( )   . 
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2. 

(a) 

Since   is a decreasing function,  (   )   ( ) for all  : 

So,  ( )   ( ) for all       ( )      ( )      for all  . 

Hence, if   ( )     , then   ( )     . 

  

  
         (    ) 

For     and       :  (    )   , 

Hence: 

  

  
   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



(b) 

Let   ( )     , where   is some constant such that    , i.e.   ( )     . 

Since   is a decreasing function,  (   )   ( ) for all  : 

Then,  ( )   ( ) for all       ( )          for all  . 

Let    be a time such that   ( )       .  

Then, it must be that     , because   ( )        ( )   , i.e.: 

  ( )      ( )   , which is only true for some    . 

Now at     ,   ( )     , so: 

  

       

  (  (  )   )   ( )    

Hence,  ( ) has a stationary point at   . 

For       ,     ( )     , because  ( ) is a decreasing function, so   ( )      

and    , so  (  (  )   )    for     , or simple,   is increasing at all times before   . 

Hence, the stationary point at    is a maximum point, and   rises to a maximum value at a 

    , after which it must decrease.  

Since for     ,   ( )     , and     for      for some       at which   is 0, then: 

  

  
                   

where  

Hence, after   ,   will only decrease (until it reaches zero at   ). 

 

 

 

 

 

 

 

 

 

 



3. 

(a) 
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(b) 
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