chapter 3 : Polynomial approximation and interpolation

Problem: Given a function f(z), find a polynomial approximation p,(x)
Approximation: [° f(z)dz — [°p,(x)dx

Why polynomial?

1. Weierstrass Approximation Thorem

Suppose that f is defined and continuous on [a,b]. For each ¢ > 0, there
exists a polynomial p,(z) defined on [a, b], with property that |f(x) —p,(z)| < €

for all = € [a, b]
2. simple p,(x) = ap + a1z + asx?® + - - - + a,z™: standard form

One solution: The Taylor polynomial of degree n about a point z = ¢

pu() = fle) + f1(e)(w — ) + 3 f"(e)(w — ) + -+ 5 f" (e) (@ — o)™
c=0, pulz) =7

In this case we can find p,(x) without computing f(c), f'(c), ..., f™(c).

recall the geometric series : =1+47+7r*+---, converges for |r| < 1

-
1 1

= =1+ (—252%) + (—=252%)* + - - - , converges for |z| <

1+ 2522  1— (—2522)

pox) =1 p,(x) = 1-25x°
15 15

1
5

Thur.
9/13




p,(x) = 1-25x*+625x* pg(X) = 1-25x7+625x*~15625x°
1.5 : 1.5

0.5 0.5
of of

0.5 ' ' ' 0.5 ' ' '
-1 -05 0 05 1 -1 -05 0 05 1

The Taylor polynomial p,(x) is a good approximation to f(x) when x is close
to ¢, but in general we need to consider other methods of approximation.



3.2 Lagrange Polynomials

thm: Assume f(z) is given and let zg, x1, ..., x, be n+ 1 distinct points. Then
there exists a unique polynomial p,(x) of degree < n which interpolates f(x) at
the given points, i.e. such that p,(x;) = f(x;) for i =0 : n.

pf : omit

ex: n=1= z9, 11

P ) = fleo+ (R

deg D1 S 1 )
pi(xo) = f(zo), pr(x1) = f(z1) ok

check : {

questions
1. What is the form of p,(x) for n > 27

2. What is the best choice of the interpolation points xg, ..., x,7

Consider the construction of a polynomial of degree at most n that passes
through the n + 1 points

(@o, f(w0)), (x1, f(21)), - - -, (@, f(2n))
Construct: for each k = 0,1,2,...,n, a polynomial of degree n, L, (x), with
property
L,p(x;)) =0 wheni#k, =1wheni=F%
To satisty L, ;(x;) = 0 for each i = k, L, j(x) must contain the term
(# —zo)(z —21) - (2 — 21 (@ — pp) - -+ (2 — )
To satisty Ly p(xr) =1

Ln,k($) = ( (x—xg)(z—x1) - (x—2)—1 ) (x—T)11) - (T—21,)

xk*1170)(Ik*171)"'(Ik*Ik—O(Ik*Ik-s-l)"'(Ik*In)

The polynomial that we are looking for is
Pu() = Yo f(@r) Ln i ()
Let’s check

1. it is nth order polynomial since L, j is a nth order polynomial, f(xj) are
constants

2. whether p,(z) = f(xr)?



Pu(x) = [(20) Lno(x) + f(21) Lna(2) + - - + f2n) Ly ()

0
= pu(zr) = [(20 )L o(zr)+f (1) Lna(zp) -+ f(2r-1) L1 (2x)+ f (2) L g (21) +
f($k+1) nk+1(xk) (xn)Ln ( )
= f(wz)
Summary

nth Lagrange Integrating Polynomial
pu() = Eh—o f(2) Ln k()

where
. (x—xg)(z—x1) - (x—2)—1 ) (x—T)11) - (T—2p,)
Ln,k($) o (xk*IEo)O(Ik*51711)"'(kaxkk—l)(Ik*]?;;c:-l)“'(xkfxn)
notes
if (1) g, z1,+ -+, xy, (n+ 1) distinct numbers

(2)f is a function whose values are given at these points: f(z;),i = 0,...,n
known

= pu(r) = )y f(xr) Ly k() is unique polynomial of degree at most n

e.g. a) Use the numbers (called nodes) xy = 2,x; = 2.75 and xo = 4 to find
the second order Lagrange interpolating polynomial for f(x) = 1/x; b) Use first
determine the coefficient polynomials Lo(z), Li(x) and Ly(z)

Ly(z) = % = 2(z —2.75)(z — 4)

(2
Li(e) = gu2let) - — 10(; — 2)(x — 4)
1 (2.75—2)(2.75—4) 15

Lo(w) = (57 = 3@ — 2)(x — 2.75)

flwo) = f(2) =172, f(x1) = [(2.75) = 4/11, f(x2) = f(4) = 1/4
p(x) = i f(2x) Li(@)
= 3(z — 2.75)(:10 —4) — 2z = 2)(z — 4) + 15 (z — 2)(z — 2.75)

b) An approx1mat10n f(3)=1/3

f(3) = p(3) =% — ¥ 4 49/44 = 29/88 ~ 0.32955



eg. The outdoor temperature T'(t) is recorded at two-hour intervals starting at

8am and ending at 4pm, but the 2pm measurement was accidentally omitted.
The recorded temperatures are T(8am) = 30F,T(10am) = 40F,T(12pm) =
50F, T'(4pm) = 60F.

a) Construct the interpolating polynomial of the temperature using the given
data.

b) Use the polynomial in part (a) to estimate the missing 2pm temperature.
Let t = 0 is 8am, i.e. T(0) = 30, similarily

t =21is 10am, i.e. T(2) = 40; t = 4 is 12am, i.e. T(4) = 50

t =6 1s 2pm, i.e. T(6) =?; t =8 is 4pm, i.e. T(8) = 60

we have (0,7(0)),(2,7(2)),(4,7(4)),(8,7(8)), it can determine a 3rd order
polynomial

Lo(t) = G—1o-9
Li(t) = o1y
Ly(t) = (gig))((i:?)&_—z))
Ly(t) = S

t—2)(t—4)(t—8 t)(t—4)(t—8 t)(t—2)(t—8 t)(t—2)(t—4
W=0E=8) | g (DEDE8) 5 WE-20-8) | g (e-2)e-1)

= p(t = 6) = —30 % CAEDEH |y, OODO-8) _ 5o, O6-20-8) 4 g,

6)(6—2)(6-4)
ONE2N6A) — 5755
Recall nth Taylor polynomial about x = ¢ has an error term of the form

1)
(n+1)!

(z — )™+ where ¢ between z and ¢

Lagrange Polynomial Error Formula

f@) =pula) + L (@ = zo) (@ — 1) - (z — @)

for some unknown number £ lies in the smallest interval that contains xg, x1, - -

- xp and x



3.3 Divided Differences

note : The interpolating polynomial p,(z) can be written in different forms.
standard form

pn(z) = ap + a1z + - - - + aza”
Newton’s form

pn(x) = ag + a1(x — xo) + as(x — xo)(x —21) + - + ap(x — x0) -+ - (T — Tp_1)
note
1. The example above with n = 1 used Newton’s form for p;(x).

2. The coefficients in each form are different; how can they be computed?

thm: The coefficients in Newton’s form of p,(x) can be computed as follows.
ag = f(zo) = flzo]
0 — flaa] = flo]

= flzo,x1] : 1st divided difference

Iy — Zo
ay = flwy, 2] = flzo, 7] = flxo,x1,22] : 2nd divided difference
T2 — Xy
a, = floy, - @] — flwo, -, 2] = flzo,...,z,] : nth divided difference
Tn — X

3. It can be shown that nth Lagrange interpolation polynomial for f w.r.t.
xg, 1, * +, T, can be expressed as

pa(®) = flzol+ f (20, 21)(x —20) + fl20, 21, 22| (T —20) (T —21) + -+ + f [0, 21, -~
s xpl(r —xo)(x —21) - -+ (x — x,-1): called Newton’s divided-difference formula

pf. skip, just check n =0,n =1, and n = 2
n = 0, ok, because py(z) = ag, po(zo) = f(x0) = ap = f(xg)

n =1, ok, because pi(z) = ap + a1(xr — x)), we showed a; = %ﬁém

slope
n = 2: need to work
pa(z) = ag + a1(x — zo) + ag(x — xo)(x — 1)

need to show ag = f[zo], a1 = flzo, x1], a2 = flxg, T1, 2]

define g(z) = ( e— >Q1(x) + ( e — >p1(x)

Lo — Xg Lo — X

Tues
9/18




where
pi(x) = flwo] + flxo, z1](x — xg) : interpolates f(x) at xy, a1
q1(z) = flx1] + flx1, xo](x — x1) : interpolates f(x) at z1, xo

then g(z) has the following properties

1. degg < 2

2. g(wo) = <f§§i?§§) q1(zo) + (M) pi(zo) = p1(zo) = f(z0o)

v — 20 5 — 21
# (222 (st + FE =T, )
(22 s+ (222) s

=

= f(a)

o = (22 )+ (222t

= qi(z2)

PR LGV (Y P

then g(x) = pa(x) for all x (by uniqueness theorem on polynomial interpolation)

flzi, o] flao, 2]

note : the coefficient of 2% in g(x) is
L2 — Lo L2 — X0

the coefficient of 22 in pa(x) is ay

flan, ] flao, 2]

o2 — Xy T2 — Xy

= ay = flxg, x1,22] = as required



n > 3 : follows the same way ok
exX: n=2 = x9,T,T

po(x) = ap + a1(x — x) + az(x — xp) (z — 1)
= flzo] + flzo, z1](x — 20) + flo, 21, 22) (T — 20) (T — 21)
divided difference table

Lo— f[x()]
\ ES
fz g,
_— T~ %
xlif[xl] f[xorx L ]
\
fzym,)
Ly —— f[xz]

The starred values are the coefficients in Newton’s form of py(z).

e 1
f(l‘):m,$0:—1,$1:0,$2=1=>p2(x):?
T f(xi)
-1 L
26 -
071/ 2
\_ﬁ/ 26
L1 26
26

pa(r) = % + g%(:c —(-1)) — gg(x — (=1))(x — 0) : Newton’s form

=g+ 2(@+1)—2(z+ 1)z

—1— 222 : standard form

26
check : pa(—1) = % , p2(0) =1, pa(1) = % ok
_ dx _ _ 1 T 1 _
/ f dflf Qom——2gtan 5x‘0—5tan 5—05494
[ pa)de =2 [ (1 - Ba)de = 2(x — 5 - 1P \_2 — 2y — 106 _ 1 3500

Hence po(z) is a poor approximation to f(z). Can we do better?



3.3.1 optimal interpolation points. not in the book

Given f(x) for —1 < x < 1, how should the interpolation points x, ..

chosen? Consider two options.

2
1. uniform points : z; =—-14+th, h=—,1i=0:n
n

2. Chebyshev points : x; = —cosb; , 6, =

X

uniform points , n=16
1 T T T T T

_1 1 Il Il Il
-0.5 0 0.5 1 1.5

Chebyshev points , n=16

_1 1 1 1 1 1
-1.5 -1 -0.5 0 0.5 1 1.5

., X, be

note : The Chebyshev points are clustered near the endpoints of the interval.

Thurs
9/20
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B 1
14252

solid line : f(z) , given function

<zxr<l1

ex: f(z)

dashed line : p,(x) , interpolating polynomial

uniform points, n=4 Chebyshev points , n=4

-1 0 1 ' -1 0 1

uniform points , n=8 Chebyshev points , n=8

-1 0 1 ' -1 0 1

uniform points , n=16 Chebyshev points , n=16

1.5 ——
| !
1} I
|1
0.5} 1)

|1

0 e \] | 0
-05f I | -0.5
I | -1
-1.5 L -1.5

x
|
|
|
|
|
|
|
|
. | . . .
-1 0 1 -1 0 1
1. Interpolation at the uniform points gives a good approximation near the center

of the interval, but it gives a bad approximation near the endpoints.

2. Interpolation at the Chebyshev points gives a good approximation on the
entire interval.
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3.4.1 Piecewise polynomial interpolation

We have seen that although unique, the polynomial p,(z) that interpolates a
function f on n + 1 data points may not be well conditioned. In situtations
where we can control the interpolation locations, we can use Chebyshev points
or other special points to minimize interpolation error. For cases where we do
not have this flexibility, it is often more useful to use lower-degree polynomials,
perhaps even lots of them. The interpolating polynomial p,(x) may not be a
good approximation of f(x) on the whole interval, so instead we may consider
piecewise linear interpolation, denoted by ¢(x).

Given f(z), a <z <b, a=20< 21 <ZTg - < Tp_1<Tp=2>b

( flzo] + flzo, z1](z — 20), z0 <z <

q(z) = { flod] + flzs, Tip1](z — x4), T < x < Tijy

(fl#n—1] + flzn—1,2n](® — Tn-1), Zn1 <z <2H

Notes:
e ¢(x) is continuous, but not differentiable, at x = x;
e error: |f(z)—q(x)| < smaxa<,p<p|f”(x)]-max;|z; 11 —z;]* 2nd order accurace

e Piecewise interpolation is often refered to as a local method, as the function

is locally approximatedly by a line at each grid point.
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3.4 spline interpolation

Cubic Spline Interpolation

Given a function f defined on [a, b] and a set of nodes, a = g < x; < -+ -z, = b,
a cubic spline interpolation S for f is a function that satisfies the following
conditions

a) For each i = 0,1,---,n — 1, S(x) is a cubic polynomial denoted by S;(z) on
the subinterval [z;, x;11), i.e. S(x) = S;(x), z; <z < x4

b) Sl(x%) = f(xz)a Si(xi—H) = f(xi+1)a 1=0,1,---,n—1, ie. S(SCZ) = f(xl)al -
0,1,---,n

¢) Six1(xi1) = Si(wigq) fori =0,1,---,n—2: S(x) is continuous at all interior
points Ty, - - -, Tp_1
d) Sii(ziy1) = Sj(xipq) for i =0,1,---,n—2: S’(z) is continuous at all interior
points x1, - - -, Tp_1
e) S;' 1 (wiy1) = S)(xig1) for i =0,1,---,n—2: S”(z) is continuous at all interior
points xy, - - -, Tp_1

f) One of the following sets of boundary conditions is satisfied
(i) 8"(xo) = S"(x,) = 0: natural or free boundary
(i) S'(x0) = f'(x0), S'(zn) = f'(x,): clamped boundary
Question: why a)—e) not enough to determine S(z) 7

s, () s,()

v, <z <xip = Sx)=8i(x) =cy+cix+ e’ +cxd, i=0:n-1
n + 1 points = n intervals = 4n unknown coefficients

interpolation conditions = 2n equations

continuity of §'(z), s”(x) at interior points = 2(n — 1) equations

Hence we need 2 more conditions: nature bc is a popular choice

Tues
9/28

e.g. Construct a natural cubic spline that passes through the pints (1, 2), (2, 3), (3, 5)

ie. f(1)=2,f(2)=3,f3)=5and zg=1,21 =2,29 =3

This spline consists of two cubics, the first for the interval [1,2], denoted




13

S() = ap + bo(x — 1) + C()(J,‘ — 1)2 + do(x - 1)3
and the other for [2, 3], denoted
Si(z) =ay +by(x —2) +cr(x — 2)2 + di(z — 2)?

ag, by, co, dy, ay, b1, c1,d; = 8 constants to be determined =- 8 conditions

four splines must agree with the data at the nodes

2:f<1)=(10
3:f(2):a0+b0+60+d0
3:f(2):a1

5=fB)=ar+b+a+d
—— two more come from the fact that
S0(2) = 51(2) = by + 2¢o + 3dy = by
S50(2) =57(2) : 2¢y + 6dy = 2¢4
—— The final two come from the nature boundary condition
S{(1)=0: 2¢=0
S7(3)=0: 2¢;4+6d; =0

solve the linear system

10000 0 0 0 ag 2
111100 0 0 b 3
01230-1 0 0 co 0
00260 0 —20 dy | |0
00001 0 0 0 ap | | 2
00001 1 1 1 by 5
00100 0 0 0 ¢ 0
00000 0 2 6)  \d 0
= S(x)=2+3(x—-1)+1(z-1* ze[l,2]

=3+3(z-2)+3(x -2 -z —-3)3 z€[2,3

In general, clamped bc more accurate because they include more information
about the function f

Q: how to find s(x) in general?
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eg. —1<x<1, z;=—1+1h, h= %, t =0, ...,n, uniform points

Thur.
9/30

Now we derive the equation for S;(z) on the interval [x;, z;11), let a; = S"(z;),
S"(z;) continuous, i.e. lim, , - S"(x) = a; = lim, , +S5"(z), 1 <i<n-—1:
interior points.

—— Step 1: 2nd derivative condition. Because S” is continuous at each interior
points and S;(x) is a cubic polynomial

= S/(z) is a linear function
let S!(z;) = a;, SY(a;41) = a;y+1, where a;, a;41 to be determined
a linear function (line ) pass (x;,a;) and (x;41,a,41), and x;41 —x; = h
Aj41 — Gy Aj41 — Gy

slope: k = =
P Tip1 — 1 h

Aj41 — Gy

h

the line equation is: y = k(x — ;) + a; = (x —x;) + a

LTiy1 — X

h

h
a; a;
== mp — 1) + ’;1

h
= S/(z) = CZ(Z'H_l — )+ aigl (x —x;) (%)

T — ;)

—— Step 2: interpolation

we have (x) from step 1, integrate twice

= Si(z) = g;L(.TZ'_,_l —x)®+ aé;l(x — ;) + C(x — ;) + D(x41 — x), where C, D
are arbitrary constant (why this form? easy computation)

(to verify, differentiate S;(x) twice = S/ (x))

we then can use SZ(ZUZ) = fi, Si(xﬂ-l) = fi_|_1 = O, D

S (xz) 6h(xz+1 i)3 + D(xz'—i—l - xl) = fz
ai
Si(Tit1) = 6;;1 (Tig1 — )" + C(@ip1 — 3) = fia
fir1  aiv fi  ai
— _ D=7t_=
0= 5" L6
| a; o3 G, 3 i ai . i
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U@ - 2)
—— Step 3: 1st derivative conditions at interior points (to find ay, as, ..., a,_1)
Si(zi) = — a;h — ];Z + aéh + fi;:l _ Clzugh
Si(wis1) = a,'+21h — J;Z + aéh i fi;Lrl _ awgh
we require S;_;(z;) = Si(x;) at all interior points (i = 1,...,n — 1)
Si(in) = ;aH—lh + flhﬂ — ];Z + Cg
z(—l(xi) = ;Clih + J;Z — fihl + ai61h
= Si(x:) = —C;ih —~ alglh-k fi]jl — ];Z
= ;aih+”2— fi; +ai6_1h - _Cg‘h_ aig-lh_i_fi}—l&-l _];Z'

= i1+ 4ai+ain = 3 (fia—2fi+ fin), i=1:n—1
step 4 : apply BC
S(,)/(LU()) = Qg = 0 , S{{_l(scn) =y = 0

4 1 aq fo—2fi+ fo
1 4 1 : :

-] : :
1 4) \a, fo—o = 2fn_1+ fu

A : symmetric , tridiagonal , positive definite

e.g. Determine whether s(z) is a natural cubic spline.

0 ,0<2<1
2) S(z):{m3—3x2+3x—1,1§x§2 ) 5()

—1g3 32241, -1<2<0
%$3—3m2+1, 0<z<1

Need to check the following conditions:
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(1) cubic polynominal on each subinterval

(2) s"(a) = s"(b) = 0

(3) si(zin) = sipa (@), si(wig1) = sipa (i), 8§ (Ti1) = sip ().

a) so(z) =0,0<2<1;s(x) =232 +3r—-1,1<2<2

so(z) = sp(x) = sj(x) = 0, si(x) = 3(x — 1)*, sj(z) = 6(x — 1)

Since s”(2) = s5(2) = 6 # 0, it is not cubic spline.

b) so(z) = =13 =322+ 1, -1 <2 <0; s1(x) =23 — 322+ 1,0< 2 < 1

2 2
sp(z) = —32% — 3a, 36’(:1:) = —3z — 3; s)(z) = 32% — 3z, s{(z) =3z — 3
Then sg(—1) = 0, s{(1) = 0, satisfy condition (2). s0(0) = 1 = 51(0), s((0) =

0 = s7(0), s5(0) = =3 = s7(0), satisfy condition (3). So it is a cubic spline. ok.
e.g.. Consider the natural cubic spline s(z) satisfying s(0) = 0,s(1) = 1,s(2) =
0.

a) Find the value of s”(1).

b) Sketch the graph of s(z) on the interval 0 < z < 2.

Here 79 = 0, 11 = 1, 20 = 2, h = 1. fo = f(xwo) = 0, fi = f(z1) = 1,
fo = f(x2) = 0. Now go through the four steps in the notes.
(1) second derivative

sp(x) = a0331; L ras —hl“o = ap(xr1 — ) + a1(z — o),
si(z) = alng T yat _hxl = a1(zy — ) + as(x — 11),
(2) interpolation
r) — )3 x — x0)° a a
so(z) = a°(16) + a1(60) + (fo— 60)(% —z)+ (fi - 61)(95 — o)
Ty — )3 T —x1)° a a
e R A T
6 6 6 6
(3) first derivative ag + 4a; + as = 6(fo — 2f1 + fo) = —12

(4) apply BC s((zg) =ap =0, s{(z1) =ay =0
Therefore, sy(z) = —32° + %x, si(z) =—3(1—2)*+3(2—2x).
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3.5 Hermite interpolation

Another way of handling Runge’s phenomenon is to notice that although the
interpolating polynomial p,(z) interpolates the data p,(x;) = f(z;) at each
point x;, the polynomial may intersect the graph of f at very steep angles. It
would be better if the interpolating function p(x) was parallel to f(z) at the
interpolating points; that its, we would like p'(x;) = f'(z;). Cubic splines come
close to achieving this, but don’t quite get there.

Thur.
9/27

Suppose we have values for f(z;) and f'(z;) on an interval a < z < b with n subdivisions and

n + 1 points,

b—a . .
a=x9<x1 < < Tp_1<xTp=>0, h:T’ r;=a+th, 1=0,...,n

we want to determine a polynomial p(z) that interpolates the data and goes through each point

(x5, fi) with slope f’(z;), that is, the polynomial p should satisfy

p(x;) = f(x), p'(zi)=f'(z5), i=0,...,n




Note that the data include the function values and the function derivatives, each at n+ 1 points,
for a total of 2n + 2 input values to the interpolation problem; hence we know p can have degree
of at most 2n + 1.

Theorem 10. Let the interval a < x < b be divided into n subintervals by n+ 1 distinct points,
and the function f and its first derivative f' be defined at each of these points. Then there exists
a unique polynomial p(x) of degree less than or equal to 2n + 1 such that

p(zi) = f(=i), pl(a) = f'(xi), i=0,...,n
Proof. Let Li(x) denote the Lagrange polynomial of degree < n centered about the kth data

location,
n
T — Iy
L = :
o =TT (2=

1=0
i#£k

Define the polynomials

Hi(x) = (1 — 2L (z)(x — z3)) LE ()
Hy(z) = (x — 2) Li(x)

Note that both of these polynomials have degree < 2n + 1. Also

1, i=k

Hi(wi) = {o ik

These definitions and properties make it clear that H}, is associated with the function, and H k
is associated with the derivative at = = xy.
Define the polynomial

n

p(x) =Y flan)Hi(@) + Y f'(wr) Hy(x).
k=0

k=0
From the properties of Hy above, we have

plwi) = flae)Hi(w) + Y f () He(2i) = f(23)
k=0

k=0

p(wi) =Y flar)Hy(w:) + Y f () Hy(w:) = f'(w:)

k=0 k=0
for all i = 0,...,n. The polynomial p therefore interpolates all function and derivative values.
Uniqueness follows from the fundamental theorem of algebra. O

21



As with our previous work with global interpolating polynomials, the Lagrange form is useful to
establish existence, but cumbersome to use in practice. The Hermite interpolating polynomial
is more efficiently computed and evaluated in Newton’s form using a divided difference table.
Before we start the table, we need to add another item to our understanding of divided differ-
ences:

Definition 11. Divided differences of the form f[z;, ;] are understood to be flx;, ;] = f'(z;).
We justify this definition by considering the usual divided difference

f(@it1) — f)

Tit+1 — X5

flzi, zipa] =

in the limit ;11 — x;. The divided difference in this limit is simply the definition of f(x;),

lim f[ﬂf“ .’1}‘i+1] = f[x“ :Z:Z] — lim f( ’L+1) f( ’L) '
Tit1—Tq Tij41—T4 xi+1 —x;

The divided difference table for Hermite interpolation is augmented from the previous version
to account for the addition of the derivative data :

r  f(x)

w0 flwo]
f[xo, zo]

ro  flwo] flzo, o, 1]
f[l‘o, 1‘1]

Ty flm] flxo, x1, 21]
flx1, x1]

z1 flo] flxy, z1, 20]
flx1, xo)

w2 flxo] flx1, z2, 2]
f[ajg, 372]

vy flzo] flxa, 2, 23]
f[xg, $3]

x3  flrs] flx2, 23, 23]
f[wg, 1'3]

r3  flzs] flxs, x3, 24
f[l’g, .1'4]

Ty flz4] flw3, 24, 24]
flzy, z4] :

rq  flad]

Example 11:  Hermite interpolation of f(z) =ze ™ on 0 < z < 4 with n =2
=>x0=0, 11 =2, 10 =4

Fi@) = (1—a)ee
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z  f(z)
0 0
70 =1
0 0 (e2-1)/2
e? (—3e72+1)/4
2 272 —e2 (e7* +4e72-1)/16
f1(2) = —e2 (e +e72)/4 (—9¢ ™% —4e724+1)/64
2 272 e —e%/2
2e 4 —e72 (=Te ™t +e72)/4
4 4e~? (=be ™% +e72)/2
F(4) = —3e
4 4e?
To write the polynomial, we introduce the sequence {2;} where 2, = x|3/9), k =0,...,2n+1:
{zk} = {z0, 0, 21,21, 2,22, ..., Tp_1Tp—1, Tpn, Tn}
2n+1 k—1
= Z flz0, 21,5 -« - 2k) (H(m — zz)>
k=0 i=0
The terms of this sum are
k=0: flz] = f(@o)
k=1: flzo0,21](z — 20) = f'(x0)(x — x0)
k=2: flzo,21,22](x — 20)(x — 21) = flzo, 20, 71](z — 0)?
E=3: flzo,21, 22, 23](x — 20)(x — 21)(x — 22) = flzo, 20, 71, 1] (z — 20)? (2 — 71)
k=4: flzo,...,24)(x — 20)(x — 21)(x — 22)(x — 23) = flzo, 20, 71, 71, 2] (2 — 20)%(z — 1)?
k=5: flzo,---,25)(x — 20)(x — 21) (7 — 20)(w — 23)(x — 2z1) = flwo, 0, 1,71, T2, ¥2)(x — 20)%(x — 1) (7 — 22)

Note that the coefficients are conveniently the top entry in each column of the divided difference
table. Plugging those values in, along with g =0, z; = 2, 22 = 4, we find

plz) = x—l—(e

21\ 5 (3721 , et +4de2-1
- = - -2 - - -
5 )x ( 1 )x(x )—l—( 16

23

) 22(5—2)2— (96_4 +644€_2 - 1) 22 (0—2)2 (z—4)



[l
n

Hermite interpolation, n
04 . ‘

0.35

0.3

0.25

0.15

0.1

0.05

Notes:

e Hermite interpolation can be very accurate, but the 2n 4+ 1 data points can be expensive
to use if n is large.

e Can we use this idea more efficiently?

4.1 Piecewise cubic Hermite interpolation

Definition 12. The Hermite cubic interpolant of f(x) on the interval a < x < b with n subin-
tervals

a=ro <1< < Tp1<xp=0>
is a function s that satisfies
1. s(x) coincides with a cubic polynomial s;(z) on each subinterval
2. s interpolates both f(z) and f’(x) at each data point
3. s(x) and §'(x) are continuous on a < z < b.

Note that there is no continuity condition imposed on s”(x), hence cubic Hermite splines are
not as smooth as natural cubic splines, but computing them requires less work.

Definition 13. The shape functions ¢(&) and () associated with cubic Hermite interpolation
are




T —x;

where the variable { is defined on each subinterval as §; = -

Tjt1 — T

Definition 14. Given f(z;) and f'(x;) for i = 0,...,n, the cubic Hermite interpolant is defined
on each subinterval of a < x < b to be

sj(x) = f(xj41) + ¢(&) (F(x5) = F(2541) + (@541 — 25) (W(E) ' (25) — (1 = &) ' (x541))

so that
s(x) = sj(z) for z; <z < xj4q, 7=0,....n—1

Notes:
e Unlike cubic splines, no linear system of equations has to be solved
e Only three function evaluations : ¢(&;), 1 (&;), and ¥ (1 —¢&;) are required to evaluate s;(z).

e Like any local method, still have to locate the interval j that contains the evaluation point
to begin

e If the function itself is not differentiable, it is better to use the less-smooth cubic Hermite
interpolation than cubic splines

e If you know the function you’re interpolating is smooth, splines will provide better accuracy
than cubic Hermite interpolation

Question 4: It’s great that Hermite interpolation is accurate and that piecewise cubic Hermite
interpolation is so fast, but what if we don’t have data about f’(z)? Can we still use these
ideas?

Example 12:  Compare Matlab’s piecewise cubic spline interpolation to its piecewise cubic
Hermite interpolation for the data given in the following table.

z |y
31
2| -1
1 -1
0|0
1)1
2|1
301
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""" R
O data i
— p/w Hermite
----- spline
_1 5 I I 1 I T
-3 -2 -1 0 1 2 3
clear

%% Cubic Hermite interpolation wvs. cubic spline interpolation

X = —3:3; % data locations
y =[-1,-1,-1, 0, 1,1,1]; % data wvalues

xe = —3:0.01:3; % evaluation domain

sHermite = pchip(x,y,xe); % cubic Hermite interpolation

sSpline = spline(x,y,xe); % cubic spline interpolation

% Note : read Matlab’s documentation to learn how the derivatives are
% estimated for the Hermite interpolation. It ’s more involved than a
% simple finite difference scheme — they wuse limiters (Math 572).

figure (1); clf;

plot (x,y, ko’ ,xe,sHermite, ’b—" xe,sSpline , 'r— ', MarkerSize’ ;10, 'LineWidth’ ,2);
set (gca, 'FontSize’ ,16);

legend ('data’,’p/w_.Hermite’, ’spline’, ’Location’, SouthEast’);

saveas (1, splineVsHermite.png’)
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