5 | Induction

5.1 Mathematical Induction
Example 5.1.1 (The Babies Example).
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Example 5.1.2 (The Ladder Example).
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Theorern 5.1.1 (Principle of Mathematical Induction). To prove a statement a statement P(n) is
true for eveqy integer n > 1, it suffices to show the following
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s true, where k > 1 is an arbitrary integer. E induchive cte ]:—}

(a) P(1) 18 h},
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(b) The implication
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Note. We may change the number 1 (in n > 1, P(1), and & > 1) to some other integer m in the
Principle of Mathematical Induction and theorem will remain true.

Note. In the Principle of Mathematical Induction, both steps (the basis step and the inductive step)
are crucial!
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5.1, MATHEMATICAL INDUCTION CHAPTER 5.
(n=gpl,2,3,.-.)

Example 5.1.4. Consider the recursion| a,4 = a, + 2,—',; with a; =

1
7

(a) Find a3, a3, and ay. —, ?
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(b) Based on your answers in (a), conjecture an explicit formula t

{¢) Use mathematical induction to prove your conjecture.
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5.1, MATHEMATICAL INDUCTION CHAPTER 5.

Example 5.1.5. Let n > 7 be an integer. Prove that 3" < nl.
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Example 5.1.6. Let n be a non-negative integer. Prove that 3 divides n® — n.
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5.1. MATHEMATICAL INDUCTION CHAPTER 5.

FExample 5.1.7. Tet it be a positive integer. Prove that 4" 4+ 5201 = 0 (mud 21).
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Example 5.1.8. What is wrong with this * mcpf th'ur all horses are the same colour?
Let P(a) be the statement 1|ni nlt horses in a set of n IIOW“\ are the same colour.

Base Step: P(1) is certainly true, since with Jum one hmse. all horses have the same colour.
Inductive Step: Assume P(k), which is the statement that & horses all have the sane colour {(in-
ductive hypothesis). Given a set of &k -+ 1 horses {fy, he.. .. b}, we can exclude the last horse
in the set and apply the inductive hypothesis just to the fiest & horses {By, . e, deducing that
they all have the same colour. Similarly, we can conclude that the last & horses {ha, ... iy} all
have the same colour. But now the “middle” horses {hy, ... he} (ien, all but the first and the last)
belong to both of these sets, so they have the same colpur as horse fiy and horse by Tt follows,
therefore, that all £+ 1 horses have the same colour. hus, by Hm |nuw|plt~ of induction, all horses

Liave the same colour, | \
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5.2. STRONG INDUCTION CHAPTER 5.

5.2 Stl;ong Induction

Theorem 5.2.1 (Principle of Strong Induction). 7o prove a statement a statement P(n) is true
Jor every integer n 2 1, it suffices to show the following

(a) P(1) s true.

(b) The implication PMAP2) A AP(K) = P(k+1) is true, where k > 1 is an arbitrary integer.
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